Lagrange’s Method



Lagrangian Dynamics
d (8T oT | oV
dt

q;. 9generalized coordinates, 1 <i:< N

q;- generalized velocities

T is the total Kinetic Energy in the system
V is the total Potential Energy

F;: generalized non conservative forces

— a force for each coordinate

* > > X

e need to study
x generalized coordinates (position, angle, charge, etc.) and constraints
x Kinetic Energy and Potential Energy (you already know)
* conservative and nonconservative Forces

e L =T —V is called the Lagrangian of the system ... then
the above equation is the same as

d (OL oL
~ (=) - = =F
dt 8%’ 5%



A Trivial Example: Spring-Mass System

* q1: position of the mass, only 1 DOF

* q1. velocity of the mass qll
« T = Zmg? is the total Kinetic Energy
* V = lkq% — mgqy IS the total Potential Energy
* F7 = 0 no non conservative forces
d [ 0T 0T oV
( . ) -——+—=F
dt \dq1/ 0daq1 Jq1
d(o (1, _ -2 o (1, -2 o (1.2 __
= 4 (57 (3mak)) — 57 (3m47) + 5g; (3kaF — m9ar) = O

. 0 1 -2 0 1, 2 _
= gt (Ma1) — 557 (zmql) + 5 (7’“11 — mgm) =0
= mq1 + 0+ kqy —mg=0

mq1 + kg1 = mg



Kinetic and Potential Energy

e Kinetic Energy: Energy by virtue of its motion:%m(ff’.f)
* €.9.2ma?, 1J.6°
e Loosely speaking
* V= Vegjastic T Vgravity
* ‘stored’ energies
— Velastic: stored in springs
. e.g. ska? 1 K62
— Vgravity3 stored in mass

- mgy where y is taken w.r.t. some fixed point

. Vgravity iIs 'extra’ P.E. from this point
e Change in energy of taking ‘it’ from point A to point B is
VB — V4

* does not depend on the path
* similarly you can have Electrical Potential Energy etc.



Conservative Forces

e Conservative forces:

*x forces derived from P.E. V. F; = _g_};-
1

— e.qg. F=—kx = —% (%kva)
— eg. F=mg=—£ (~mgy)
* work done by force is independent of the path (depends
only on the end points) P2 = (v2,02)
— e.g9. mg(y> —y1) what ever the path from p; to p>
% mathematically: Vx F =0 1= (@1,91)
— equivalently: (a%él + a%ég 4+ ) x(Féi+Fér+---)=0
— e.g. F=—kxi+ mg? & F= —kqgier + mgeo

(5,61 + 5,€2) x (Fié1 + Faé2)
= (571 + 750) x (—kai + mgj)
= (&(mg) — Z(ka)) k=0



Example

d /0T oTrT = oV
() e
dt \ 0q; dq;  9q;j

x q1 =1T1, ¢o =T, 71 = R$p = 1 = R

k

*x T = mla:‘%—l—lmgx%-l—l( m RQ)(R)Q o
* F1 =0 and Fr> =0

* V. =mqgx1Sin0 — mogxo + l1’{:($1 — 20)?

e [wo Equations:

d (oT\ oT oV
E(_)_ + =0 (1)

= 0 (2)




Example (cont’d.)

e Equation 1:
or _ 90 (1 22 1 1 n2 1 1 2
X 9@ 0 (2m1$i_|'_ 225 + 42”’3?1)
=maz1 + 0+ 521 = (m1 + 31
T _ 8 (1 2 1 2 1 2\ __
* e = Ba (§m1:c1 + 5MoT5 + ngml) =0
ov. _ 0 : 1 2
* e = Ba (mlgzr:l sinf — mogxo + §k($1 — x2) )

= m1gsSiné + k(x1 — x2)
Therefore (m1 4+ 52)&1 + migsind 4+ k(zq —z2) =0

e Equation 2:
x FE = 2 (3maaf + smod3 + ;maid?) = moio
x £ = 2 (3maiaf + Smod3 + zmsaii) =0
* g—i = ai% (mlgzr:l sin @ — mogxo + %k(ml — .’L'Q)Q)

= —mog — k(z1 — x2)

Therefore mozo — mog + k(zo — 1) =0



Example

d (0T OT OV
T (_-) a3 ‘I‘ — = F

*x V = 5k143 + 5kogf — mgl cos g

1= lesc + T pendulum
LN 2
- Tgisc = 3145 + 5 (3m1R%) (q_ﬁl’) = Jmids

= Tr =

— T, : Now r =
pendulum ( 1 cos ¢ el

— Therefore Tpenquium = 3M2l7> = 3m2(43 + 2414l cos g2 + 1743)

T = 3m1d3? + 3m2(d3 + 241dol cos g + 1243)

e Two Equations:

T T
d(a') st o = O (1)
dt 8(]1 8(11 8(]1

T T
d(a') s 53 = © (2)
dt 8(]2 8q2 8(]2



Example (cont’d.)
e Equation 1:
% Ga = ze (3m167 + 3m2(d7 + 24142l cos g2 + 1243))
= 2m1qG1 + mad1 + m2g2l COS g2
= di (g—g:) = (le + m2)d1 + mal COS gago — mol Sin qad3
* g;: 8?1 ( =m1gs + ’m2(Q1 + 24142l cos g2 + 174 )) =0

* 2}; e ( k1q? + kgql —mgglCOSQQ)

= (k1 + k2)q1
Therefore (3m1 + m2)d1 + mal Cos gadn — molsin gad3 + (k1 + ko)g1 =

e Equation 2:
x 8L = 2 (3m1g? 4 3ma(? + 241dal cos g2 + 12G3))
= m2(41l Cos g2 + 1%¢2)

= 4 (g_j) = ma(G1l COS g2 — d14al Sin g2 + 1262)

* §§; a‘Z (2m14? + 2m2(d? + 241Gl cos g2 + 1243)) = —m2gigal sin gz

x G = L (3k1g? + k2937 — mogl COS g2) = maglsin go

x Therefore mo(g1l COS ga—q1Gol Sin go+12G>) +mod1gol sin go+mogl sin go =
0

T herefore g1 cosgr + lgo> + gsingy =0



Example - with constraint

dt \og;) 9q;  9q;
x 1 DOF: angle 0, ¢ =w = ¢ = wt

( rCOS ¢ + [sin 6 ) , (rwsingb—l—lécose)

—rsing¢ + 1coso —rw COS ¢ — 10 cos O

d (0T oT = oV
(7)o *

x V= —mg(—rsin¢g +1cosf) = mg(rsin¢ — 1 cosb)
* T = %m|p 2 — %m(rQwQ + 1202 4 2rlwdsin(6 — wt))
* Virtual Work: 6Wpe =20

e Equation:

d (8T> or oV

@ (oL _of L OV 1
dt \ 06 E)Q_I_E)O 0 (1)



Example (cont’d.)

e Equation 1:
N g_g _ % (%m(r2w2 + 1202 + 2rlwbsin(f — qﬁ))))

= ml20 + mrwsin(6 — &)

= 4 (%) = mi20 + mrw(d — w) cos(6 — ¢)

* %—g = mriwd cos(d — ¢)

* %—g = % (mg(rsin¢ —1cosf)) = mglsing

Therefore mi26 + mrw(8 — w) cos(8 — ¢) — mriwd cos(d — ¢) +
mglsind =0

T’Ldz

é—l—%sinO—Tcos(O—wt) =0



Non-Conservative Forces
g 0T B 0T n oV
dt 0q;  9dqj

06

e Generalized nonconservative forces:

*x forces not derivable from a P.E. function

— e.g. applied forces f(t)
— e.g. frictional forces, damping forces (F' = —bx)

x work done by force depends on the path (not only on the
end points)

* they are given in terms of virtual work

— oW, IS the work done when the system coordinates are perturbed
by small virtual displacements dq; e.9. dW,. = —bxdx

* generalized force Fj is given by F; =



Example

— F,

d /0T\ 0T A oV
dt (aqi) “ba | oq
* g1 = 91,R191 — —RQQQ — R393 = —R494

* V=0

* T = 5J107 + 3J2035 + J303 + 5Ja0}

(J1+( ) 2+ (& ) S+ (& ) J4)9§
* 5Wnr_‘* — 7-59]_ ;
= F1 = limgg, o 255 = limgg, .o 2 =7

e Equation:

d (0T or . oV

d(%)391+891:ﬂ
()= (5 (B) 0k (B) 0k (8) )
=0

oT __ ov __
* (9_91 O and (9191

2 2 ..
« Therefore (1 + (%) 2+ (&) 5+ (2) 2a) - 0+0=+
= Jeqél =T
where J,, = (J1 +(8) 4 () g+ ()7 )



Example- with non conservative ‘forces’

d (8T) T n ov.
dt \0q;) Jdq; 9Iqj
* 2 DOF: position g7 and angle ¢»

* V = %kq% + mogl CcOS go

* T'=Teqrt T+ Tpendulum

1 .0
— Teart = 53M14;

[sin ) 7 lg> COS
— Toendulum: Now r = ( q1 + q> ) i ( q1 +-qz- q>
—lg2sin g2

[ COS g2

— Therefore Tponduium = 5M2l7? = 5m2(47 + 24142l cos g2 + 1743)

T = im1d? + 3mo(df + 2d1dal cos gn + 1243)

* Equations:

d (0T\ 8T oV W
dt(aﬂh>8m+8ql a1 [y
d (8T\ T 8V W
fﬁ(aéz)aqur@qQ 2 |0

(1)

(2)



Example (cont’d.)

e Equation 1:

.*

*

«g;: 62'1 (53m143 + 3ma(d? 4 24142l cos g2 + 1743))

= miq1 + meq1 + mzqzﬂ COS ¢

= (S—g) = (m1 + m2)G1 + mal oS g2G2 — M2l Sin g2¢3
or

dqy

50 = a0 (5k107 +mglcosgz) = kq

— féq1 —bq10q:+73q,
3g.=0 0q

— W,
Fl - 5(;1

= f — bg
8g>=0 f n

Therefore (m1 4+ m2)d1 + malda cos go — mald3 singo + kg1 = f — by

e Equation 2:

*

*

*

*

*

g—;; = 3%-2 (m14? + 2m2(¢? + 241Gl cos g2 + 1%43)) = ma(qgal cos g2 + 1%G2)

2 (gZ) = m2(g1l COS g2 — G142l Sin g2 + 1%G2)

o — 0 (m1d3 + lmQ(fﬁ + 2q1G2l cos g2 + 1%43)) = —maqigal singo

= &

89'2 39’2
oV __ 1 .
dg: — Oqo (qul + mgl Cos QQ) —mogl sin go
Fy = 5;17 — f5Q1—bq§5q1—|—T5q2 —
qz 5q1:0 q: 5q1:0

T'fore m2(g1l cos g2 — §1¢a2l Sin g2 +1%¢2) +moq1g2l Sin g2 +moglsings = 7

Therefore moljy cos go + mol?io — molgsingy =7
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