Robust Control: HW 8

Problem 1: [On system zeros| Let G(s) be a p x m transfer matrix and let

A| B - N
[T‘T] be a minimal realization of G(s).

Definition 1 zy € C is an invariant zero of the system realization if it

satisfies
A—2zl B < Irank A—sl B
C D normalrank | D

1. Prove that G(s) has full-column (row) normal rank if and only if
( A-sI B

c D ) has a full-column (row) normal rank.

Thus zp is a zero of the transfer matrix G(s) if and only if its an
invariant zero.

2. Suppose u(t) = uge* with A\ € C and ug € C™ is a constant vector.
Suppose u(t) is a input to G where X is not a pole of G(s). Show
that the output of the system with input w(¢) and with initial state
(M — A)~'Bug is y(t) = G(NugeM, for all t > 0. In particular if \ is
a zero of G(s) then y(t) = 0.

Problem 2:[On Internal Stability]

1 1-s
' 1-s _
1. Let P = < 8_1 1 ) and K = SH 1 in a positive feed-
s+1 -

back interconnection. Evaluate det(I — PK) and find the poles of this
transfer function. Are there any rhp poles? Can you conclude that the
closed-loop system internally stable? If yes prove otherwise disprove.

G111 Giz
Ga1 G2

from the control input u to the measured output y. Let G171 = ﬁ, Gig =

Go1 = 0 and Goy = m Is this generalized plant stabilizable
through u?

2. Let G = ( > be the generalized plant with Gao the map



Problem 3: [On Coprime Factorization]

1. Suppose K = UV~ is a right coprime factorization of K that in-
ternally stabilizes G = NM ™! in a positive feedback interconnection.
Prove that all stabilizing controllers can be parameterized as

K' = U+ MQ)(V+ NQ)™! with Q stable.

2. Let P = ﬁ Obtain a parametrization of all controllers K that inter-
nally stabilize P in a positive feedback interconnection.

3. (Internal Model Control) Consider Figure ?? that shows a plant P and
Py is a model that is used to implement a controller (the dotted outline
shows the controller). These types of controllers are very common in
process control.

_____________________________________________

....................................................................................

Figure 1:

e Show that is the closed-loop system is internally stable then nec-
essarily P and Py cannot have any common unstable poles.

e If Py = P (that is we have an exact model) then show that the
system is stable for any stable ). Show that this configuration
gives a parametrization of all stabilizing controllers of Fp.
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Figure 2:

4. (Parametrization Via Observer Based Feedback) Consider Figure 77
that shows a Generalized plant G with G292 being the map from the con-

A|B
trol input to the measured output y. Let lT‘T] be a minimal real-

By
Cz | Dy
(assume that the inherited realization is stabilizable and detectcable).
Thus G is described by the dynamics

ization of G with the inherited realization of G99 being

T = AJI+BQU
y = Cz+ Dogu

Consider a observer that is described by the dynamics

& = AZ+ Byu—L(y—1)) = (A+ LCy)% + Byu — Ly
7y = CZ+ Dosu

where L is chosen such that A+ LCs has all eigenvalues in the left half
plane. Suppose F' is such that A + BsF' has all eigenvalues in the left
half plane. Let u = FZ + v.



(a) Obtain a realization of the controller (called the observer based
controller) above .
Hint: Note that the controller maps y to u.

(b) Show that with the above controller implementation the intercon-
nection is stable. Hint: Compute the closed-loop A matriz and
show that it is Hurwitz (all eigenvalues in the left half plane).

(c) Show that the map from v to e is zero.

Let M, N, Y, X and M, N, Y, X be such that
MY v\ [ u
N X e Ny )
X -Y u) [ —v
-N M y ] \e '

(a) Show that a realization for ( M-y ) is

N X
A+ By F ‘ —By —L
F —1I 0 |,
Cy + Do F —Dyy -1

Hint: Use Figure 7?7 and the plant, observer realization to obtain
the result.

X -Y
h h lization f - -
(b) Show that a realization for < NN ) is
A+ LCy | (Ba+LDy) —L
F -1 0
—C —Dgy —1I

Hint: Use Figure 7?7 and the plant, observer realization to obtain

the result.

(c) Show that ( ?VJ § ) and ( )—(]\7 ]TZY ) forms a doubly co-

prime factorization of the plant Goo = NM 1 = M~1N.

(d) Show that all stabilizing controllers can be generated by letting
v = Qe with @ stable.



(e) Let J be the map from y and v to u and e. Obtain a realization
of this map.

(f) Show that all stabilizing controllers can be obtained as

K(Q) = Fi(J,Q), Q stable.

Show this relationship schematically with the generalized plant.

1
(g) Let Gui = 5, Giz = ( H s ), Ga = ( st ) and Gao
s+1

» [No®

11
( —1 572 ] . Obtain the Youla parametrization of all stabiliz-
s+2

ing controllers. Obtain all closed loop maps achievable through

stabilizing controllers in the form of H — UQYV.



