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Performance of Sparse Representation Algorithms
Using Randomly Generated Frames

Mehmet Akg¢akaya and Vahid Tarokh

Abstract—We consider sparse representations of signals with at
most L nonzero coefficients using a frame F of size M in CV.
For any F, we establish a universal numerical lower bound on the
average distortion of the representation as a function of the spar-
sity e = L/N of the representation and redundancy (r — 1) =
M /N —1 of F.Inlow dimensions (e.g., N = 6,8, 10), this bound
is much stronger than the analytical and asymptotic bounds given
in another of our papers. In contrast, it is much less straightfor-
ward to compute. We then compare the performance of randomly
generated frames to this numerical lower bound and to the analyt-
ical and asymptotic bounds given in the aforementioned paper. In
low dimensions, it is shown that randomly generated frames per-
form about 2 dB away from the theoretical lower bound, when the
optimal sparse representation algorithm is used. In higher dimen-
sions, we evaluate the performance of randomly generated frames
using the greedy orthogonal matching pursuit (OMP) algorithm.
The results indicate that for small values of ¢, OMP performs close
to the lower bound and suggest that the loss of the suboptimal
search using orthogonal matching pursuit algorithm grows as a
function of €. In all cases, the performance of randomly generated
frames hardens about their average as IN grows, even when using
the OMP algorithm.

Index Terms—Distortion, orthogonal matching pursuit, perfor-
mance bounds, random frames, sparse representations.

I. INTRODUCTION

ONSIDER aset F of M > N nonzero signals in an N-di-

mensional complex vector space WV such that F spans V.
We refer to F as a frame or a dictionary for W.Forr € W, there
are possibly infinitely many ways to represent r as a linear com-
bination of the elements of . In various applications [4], we
are interested in the sparsest representation of r with the lowest
number of nonzero coefficients (referred to as the £y norm of
the representation vector).

The noiseless sparse representation problem is to find the
sparsest representation, whenever r € WV is known to have such
a sparse representation with the number of nonzero coefficients
less than or equal to L. A solution to this problem was given in
[1] for a class of frames referred to as the Vandermonde frames
when L < N/2.

Whenr € W isnot known to have an exact sparse representa-
tion with the number of nonzero coefficients less than or equal
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to L, then it is expected that any such noisy sparse represen-
tation suffers from some distortion. In this case, two classes of
noisy representation problems have been considered in the liter-
ature, namely, error constrained sparse approximation (ECSA)
and sparsity constrained approximation (SCA) problems. These
are, respectively, formulated as

min |c|lo s.t. [|r — cF||2 < §||r||?

uin (ECSA) (1)

and
mén It — cF||5 s.t. |lc|]jo < eN (SCA) 2)
ceCM

where F is the matrix whose rows are the elements of the
frame, F.

There is an intimate relationship between the ECSA and
SCA problems [1]. Both problems have been extensively
studied using either £, regularization [2], [4] or by using the
greedy orthogonal matching pursuit (OMP) algorithm [6].
The central theme of the vast majority of the existing body of
research is to find frame structures and associated sparsity and
redundancy criteria for which the £; regularization method
solves the sparsest representation problem for every r. This
worst-case approach may be too conservative, since in various
practical applications, the performance for a typical signal (i.e.,
an average performance measure) is of interest.

Recently, the authors have derived an analytical lower bound
on the average distortion of any frame, as a function of the spar-
sity e = L/N of the representation and redundancy (r — 1) =
M/N — 1 of F [1]. However, this analytical bound is not tight
in low dimensions. In this letter, we first establish a numerical
lower bound of the same spirit, that is much tighter than the
bound of [1] in low dimensions. Then we focus on randomly
generated Gaussian frames and compare their performance to
the numerical lower bound, as well as the analytical and asymp-
totic lower bounds of [1]. We numerically show that in low
dimensions, using the optimal sparse representation algorithm,
these random frames, in the average sense, perform close to the
theoretical lower bound.

II. NUMERICAL LOWER BOUND ON AVERAGE DISTORTION

As in [1], we define the average distortion for any frame F
and sparsity factor 0 < € < 1 by

1
D(F) = ﬁlEr min ||r — cF|?

where the minimum is taken over all representations ¢ of r
with ||c|lo < €N, and the expectation is for r uniformly dis-
tributed on the N dimensional complex hypersphere of radius
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V/N centered at the origin. This definition is motivated by the
observation that given a probability distribution F'(-) on r, one
must design frames that minimize the average distortion for vec-
tors generated according to this distribution. When no a priori
knowledge of r is assumed, by using a simple scaling transfor-
mation, it can be assumed that r is uniformly distributed on the
complex hypersphere of radius v/ N centered at the origin [1].

LetT = (jLVI ) We consider all the L-dimensional subspaces
of W that are spanned by all subsets of size L of {@,;};ez,.
There are T, < T such distinct L-dimensional subspaces,
which we denote by {Py,k = 1,2,---,T.}. Given a vector
r on the N-dimensional complex hypersphere, the SCA al-
gorithm finds the closest Py, & = 1,2,---, T, to r. In other
words, it minimizes ||r — IIp, r||?, where IIp, is the projection
operator onto Py.

Using this geometric interpretation, we define an L-dimen-
sional complex generalized cap (GC) of radius ,/p around an
L-dimensional plane P, as

GCy(p, Py) = {x e SV . |lx - Ip, x| < p} 3)
where $V is the N-dimensional complex unit hypersphere
{x eCN :||x||2 = 1}.

In order to calculate D(F), we are interested in the distribu-
tion of d2(x, Py) 2 ||x—1I1p, x||? and x is uniformly distributed
on V. We note that this is a rescaling of the vector r by a factor
of 1/ V/N. Clearly, for any given x € SV, we have

P (mkin d?(x,Py) < 77) =P(3 a plane within /7 of x)

=P(x is in the area covered
by the GCs of radius /7)

=P <x € LJ GCL(Pk,n)|x) .

k=1

Since T, < T

3 A(GCy(n))
P(xe GCL(Py, < T 4)
( Yaem 7”) A(SY)

Thus

P <mkind2(x, Py) > 77) > max <1 ) GCL 70>
)

Since the area of the generalized cap A(GCL(n)) is
a strictly increasing function of 7, the equation 1 —
TA(GCr(n))/A(SY) = 0 has a unique root. We also
note that

1
E (rnkin d2(x,73k)) = /P (Hlkin d*(x, Py) > 77> dn.
0

The following theorem now follows easily from the above
inequalities.
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Theorem 2.1: Let 0 < p. < 1 be the unique root of the
equation

AGOy () _ 1 ©
A(SN) T
then for any frame F of size M in CN, the average distortion
of sparse representations using at most L = €N nonzero coef-
ficients satisfies

b /(M%@) wo o

]
The following lemma has been proven in [1] and can be used
to numerically compute the value of p. in the above theorem.
Lemma 2.2: For any 0 < n < 1, we have

z)F e,

AGCLm) [ T(N)  nlp
A= [ S

O

Since p. € [0, 1] is unique and the left side of (6) is an in-

creasing function of 7, the value of p. can be found using stan-

dard numerical techniques. The lower bound of Theorem 2.1
can also be computed using numerical integration.

III. PERFORMANCE OF RANDOMLY GENERATED FRAMES

It has been pointed out in [3] that randomly generated frames
are asymptoticaly good in the worst case, when using £ reg-
ularization. Motivated by these results, we next study the per-
formance of randomly generated frames using the aforemen-
tioned average distortion criteria. For N = 6, M = 12; N =
8 M = 16;and N = 10, M = 20, we generate 32 random
frames according to an [NV -dimensional complex Gaussian distri-
bution with mean zero and covariance matrix /. Using Monte
Carlo simulations and 1000 uniformly generated points on the
complex hypersphere of radius v/N (the uniform distribution
on the hypersphere is obtained via normalizing /N -dimensional
complex Gaussian vectors with mean zero and covariance ma-
trix Iy [5]), we calculate the average distortion when using the
optimal sparse representation algorithm. We tabulate D(F) for
0 < L < N and compare the results to the numerical bound
of Theorem 2.1 and the analytical bound of [1]. The results are
presented in Figs. 1-3.

The results indicate that for N =6, N = &8, and N = 10
randomly generated frames perform, respectively, about 2.1, 2,
and 1.7 dB from the numerical lower bound of Theorem 2.1
for a sparsity of e = 1/2. It is also seen that the performance
of randomly generated frames hardens about their average as
N grows. For comparison, we tabulate the numerical lower
bound of Theorem 2.1 and the analytical bound of [1] in low
dimensions. Clearly the numerical bound is much tighter for
small N.

In higher dimensions, finding the optimal sparse representa-
tion is complex. We thus evaluate the performance of randomly
generated frames using the OMP algorithm. For N = 256 and
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Fig. 1. Comparison of the lower bounds and optimal solutions for N = 6,

M = 12 for 32 randomly generated Gaussian frames.
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Fig. 2. Comparison of the lower bounds and optimal solutions for N = 8§,

M = 16 for 32 randomly generated Gaussian frames.

M = 512, we generate 32 randomly generated frames as above.
Using Monte Carlo simulations, we compute the average dis-
tortion of these frames using the OMP algorithm. The results
are presented in Fig. 4 and compared to the numerical bound
of Theorem 2.1 and to the analytical and asymptotic bounds of
[1]. The results indicate that for small values of e, the perfor-
mance is close to the theoretical lower bound. In comparison,
for e = 1/2, the performance is about 5.1 dB from the numerical
lower bound of Theorem 2.1, and distance to the lower bound
grows as a function of e.

It can be seen that even in moderate dimensions (suchas N =
256), the numerical lower bound is very close to the analytical
and asymptotic bounds of [1]. Additionally, the performance
of the randomly generated frames hardens about their average,
even when using the OMP algorithm.
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Fig. 3. Comparison of the lower bounds and optimal solutions for N' = 10,
M = 20 for 32 randomly generated Gaussian frames.

OMP results for N = 256 and M = 512
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Fig. 4. Comparison of the lower bounds and OMP solutions for N = 256,
M = 512 for 32 randomly generated Gaussian frames.

IV. CONCLUSION

In this letter, we considered sparse representations of signals
with at most L nonzero coefficients using a frame F of size M in
C™. We established a universal lower bound (that can be numer-
ically computed) on the average distortion of the representation
as a function of the sparsity e = L /N of the representation and
redundancy (r — 1) = M/N — 1 of F.

We then compared the performance of randomly generated
frames to this numerical lower bound and to the analytical and
asymptotic bounds of [1]. It was shown that randomly generated
frames in low dimensions (/N = 6, 8, 10) perform close to the
numerical lower bound, when the optimal sparse representation
algorithm is used, and their performance hardens about their av-
erage as IV grows. We then evaluated the performance of ran-
domly generated frames using the greedy orthogonal matching
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pursuit algorithm for N = 256. The results indicate that for
small values of €, OMP performs close to the lower bound. How-
ever, the distance to the lower bound increases as a function
of €. Moreover, the performance of randomly generated frames
hardens about their average, even when using the OMP algo-
rithm. Finally, it was observed that the numerical bound pre-
sented in this letter is significantly stronger than the analytical
lower bound of [1] but only in low dimensions. In contrast, it is
less straightforward to compute.
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