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Abstract—This work focuses on assessing the information-
theoretic limits of parameter estimation in plenoptic imaging
systems, which are capable of providing substantially more
information about a given scene than conventional cameras. We
present a framework to compute lower bounds for parameter
estimation from noisy plenoptic observations, and our particular
focus is on indirect imaging problems, where the observations
do not contain line-of-sight (LOS) information about the param-
eter(s) of interest. Using computer graphics rendering software
to synthesize the (often complicated) dependence among param-
eter(s) of interest and observations, we numerically evaluate the
Hammersley-Chapman-Robbins bound to establish fundamental
lower limits on the variance of any unbiased estimators of the
unknown parameters. We demonstrate the utility of our proposed
framework on a few canonical estimation tasks.

Index Terms—Plenoptic Imaging, Cramer-Rao bound,
Hammersley-Chapman-Robbins bound

I. INTRODUCTION

Conventional imaging systems are modeled after human
vision and provide information about a scene via a two-
dimensional image, where each pixel described by a tristim-
ulus value (e.g., RGB). However, the plenoptic function [1]
captures the intensity of light at every location in space, over
all possible angles and wavelengths, at all time instances,
providing much more information about a given scene than
a conventional camera. The resulting plenoptic function takes
the form

L = L(r,ϕ, λ, t),

where the r ∈ R3 refers to the location at which the plenoptic
observation is made, ϕ ∈ [0, 2π) × [0, π) denotes the angle
pair (direction of arrival of light) in polar coordinates, λ is the
wavelength, and t is the time index. The domain over which
the plenoptic function is measured typically changes with the
imaging modality used for a particular application. Plenoptic
imaging has been used for a wide range of applications
including stereoscopy [2], [3], microscopy [4], [5], and Non-
Line-Of-Sight (NLOS) imaging [6]–[8].

Our focus here is on assessing the fundamental limitations
of plenoptic imaging problems, with an eye towards indirect
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(NLOS) imaging, from an estimation-theoretic standpoint.
Combining analytical tools from classical estimation theory
[9]–[12] with computer graphics rendering engines [13], we
develop a framework for computing lower bounds for estimat-
ing “scene parameters” from noisy plenoptic observations. In
doing so, we are able to provide a benchmark for optimality
against which we could compare various estimation strategies,
and also obtain useful insights on where information is local-
ized in a given set of observations.

The remainder of the paper is organized as follows. We
begin by providing an overview of the rendering equation [14],
which explains the forward model for our settings in Section
II. Using this, the problem setup is formalized in Section III.
The proposed framework and the information-theoretic tools
used appear in Section IV. We demonstrate the utility of our
framework to compute lower bounds for object location and
size estimation problems in Section V, and finish with some
concluding remarks about future work in Section VI.

II. RENDERING EQUATION AND THE FORWARD MODEL

For a given scene with some unknown (deterministic)
parameter of interest θ∗ ∈ Θ ⊆ Rd, we denote the set of
plenoptic samples (obtained by sampling the full plenoptic
field) associated with the scene by, LΩ

θ∗ , {Lθ∗(ω)}ω∈Ω ,
where we introduce the shorthand ω := [r,ϕ, λ, t], to denote
the arguments of the plenoptic function, and Ω is the obser-
vation space, which is a subset of the domain over which the
plenoptic function is defined.

Information-theoretic treatment of this estimation problem
requires understanding the forward model θ∗ 7→ LΩ

θ∗ that cap-
tures the functional dependence of the plenoptic observations
on the scene parameters. This can be mathematically explained
by the rendering equation [14], which models the behavior of
light rays as they originate from a light source, bounce off
the objects in the scene and ultimately reach the detector (an
imaging device).

For fixed (λ, t), light incident on a surface point r of
a scene, along direction −ϕi, denoted by Lin

θ∗(r,−ϕi), is
typically scattered along all directions, as shown in Fig. 1a.
The proportion of this light reflected along ϕo is determined
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(a) The proportion of incident light coming in from direction ϕi that
gets reflected along direction ϕo is determined by the BRDF of the
surface.
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(b) Light incident on a surface point r, can be seen as light leav-
ing from another point in the scene g(r,ϕi), ⇒ Lin

θ∗ (r,−ϕi) =
Lout
θ∗ (g(r,ϕi),−ϕi).

Fig. 1: The rendering equation, explained graphically.

by a surface-dependent quantity known as the bi-directional
reflectance distribution function (BRDF) f(r, ·, ·).

The overall radiance leaving a surface point r, along di-
rection ϕo, denoted by Lout

θ∗ (r,ϕo), can hence be obtained by
summing up the contributions of Lin

θ∗(r,−ϕi) from all possible
incident directions −ϕi, and also any light emitted by the
surface (if it is an emitter). Mathematically,

Lout
θ∗ (r,ϕo) = Le

θ∗(r,ϕo) +∫
S2

+(r)

Lin
θ∗(r,−ϕi)f(r,ϕo,ϕi)(ϕi · n)dϕi,

where Le
θ∗(r,ϕo) is the emitted radiance at r along the

direction ϕo, n is the surface normal at r, and S2
+(r) is the

unit hemisphere at r containing all outgoing directions.
From Fig. 1b, we can see that Lin

θ∗(r,−ϕi) =
Lout
θ∗ (g(r,ϕi),−ϕi), where g(r,ϕi) is a scene geometry

dependent operator that essentially finds the first surface point
reached when traveling outward from r, along direction ϕi.
Using this we can obtain the rendering equation as

Lout
θ∗ (r,ϕo) = Le

θ∗(r,ϕo) +∫
S2

+(r)

Lout
θ∗ (g(r,ϕi),−ϕi)f(r,ϕ0,ϕi)(ϕi · n)dϕi, (1)

where Lout
θ∗ is the plenoptic function of interest in the forward

model alluded to above.
Equation (1) is a Fredholm integral equation of the second

kind, and is difficult to solve in closed form for all but simplest

of settings. To overcome this hurdle, ray-tracing/rendering
engines were developed to approximately solve the integral
equation in (1) using Monte Carlo methods. Ray-tracing en-
gines are widely used in the computer graphics community to
generate photo-realistic images by tracing the path of light rays
as they interact with objects in a scene. Here, we rely upon this
(mature) technology for our purposes; for a given parameter
value θ∗, we use ray-tracing packages to approximately solve
(1) and synthesize the plenoptic observations LΩ

θ∗ .

III. PROBLEM STATEMENT

We model the noisy observations Yω , as independent draws
from a known class of probability distributions (whose param-
eters depends on θ∗ through the plenoptic function). Letting
YΩ , {Yω}ω∈Ω be shorthand for the entire collection of
noisy plenoptic observations, the likelihood of the observations
can be written as

p(YΩ;θ∗) =
∏
ω∈Ω

p(Yω;θ∗) , Pθ∗ . (2)

We are interested in determining the fundamental limits of
imaging a given scene with unknown parameter θ∗ ∈ Θ, from
noisy plenoptic measurements YΩ ∈ Y . Specifically, we seek
to evaluate the performance of estimators, θ̂(YΩ) , θ̂ : Y →
Θ, which have a finite measure w.r.t Pθ∗ , as a function of
the true underlying parameter of interest θ∗. The accuracy (or
lack thereof) of an estimator θ̂ in estimating the true scene
parameter θ∗ can be measured in terms of the Mean Squared
Error (MSE),

MSE θ̂ (θ∗) = E
[∣∣∣∣∣∣θ̂ − θ∗∣∣∣∣∣∣2

2

]
, (3)

where the expectation is taken with respect to the randomness
in the noisy observations YΩ.

We restrict our attention to unbiased estimators, for which
MSE reduces to variance. Hence we seek lower bounds on
the covariance matrix Covθ∗(θ̂) , Cov(θ∗) in a semi-definite
ordering sense, or on Varθ∗(θ̂) , Var(θ∗) = tr

{
Covθ∗(θ̂)

}
.

IV. RENDERER-ENABLED COMPUTATION
OF LOWER BOUNDS

Our approach employs the Hammersley-Chapman-Robbins
lower bound (HCR-LB) [11], [12], which provides lower
bounds on the variance of unbiased estimators. HCR-LB
and its variants have been used in constrained parameter
estimation problems for sensor array signal processing, like
bearing estimation [15]–[17], frequency estimation [18], [19]
and many more. In this section, we will state the HCR-LB
and discuss some of its salient aspects which make it ideally
suited to this problem setting.

Lemma 1 (HCR Lower Bound). Let θ∗ ∈ Θ ⊆ Rd be any
deterministic but unknown parameter, and let YΩ denote a set
of noisy observations of the unknown parameter θ∗. Then the
variance of any unbiased estimator of θ∗i obeys,



Var(θ∗i ) ≥ sup
∆ 6=0

θ∗+∆∈Θ

∆2
i

Eθ∗

[
p(YΩ;θ∗+∆)
p(YΩ;θ∗) − 1

]2 ,∀ i = 1, . . . , d,

(4)

where p(YΩ;θ∗), p(YΩ;θ∗ + ∆) denote the pdfs (or pmfs)
of the observations parametrized by θ∗, θ∗+ ∆ respectively.

Here the denominator in the RHS of (4) is the so-called χ2-
divergence of p(Y;θ∗+ ∆) from p(Y;θ∗) which essentially
measures changes in the probability distribution functions
when the true parameter θ∗ is perturbed by ∆. When a small
change in the unknown parameter results in distinctly different
sets of observations, resulting in a large χ2-divergence be-
tween the likelihoods, the HCR-LB is small, suggesting that
the estimation problem could be easy and vice versa.

It is worth commenting on the relationship of the HCR-
LB framework with the well known Cramer-Rao lower bound
(CR-LB) [9], [10], [20]. If we let ∆i → 0, the expression
inside the supremum of (4) converges to the CR-LB (if the
corresponding limit exists). Thus when both bounds exist,
HCR-LB is at least as tight as the CR-LB. Unlike the CR-
LB, HCR-LB makes no “regularity” assumptions on the noise
likelihood function and hence is applicable for a wider range of
problems. In particular, CR-LB requires computing derivatives
of the log-likelihood function (w.r.t θ) and is not well defined
in scenarios where the log-likelihood is not differentiable
(e.g., when the parameter space is a countable set). Even
for simple scenes, due to the presence of occluding barriers
and edges, sharp “transition regions” may occur in the true
plenoptic intensities LΩ

θ∗ as the underlying scene parameter
θ∗ varies smoothly resulting in the log-likelihood to be non-
differentiable.

On the other hand, HCR-LB doesn’t require explicitly
computing derivatives of the log-likelihood (which is hard to
obtain in our problem setting). For any given noise model,
this can be done by rendering or synthesizing LΩ

θ∗+∆ for a
suitably large collection of possible values of θ∗ and ∆ using
a ray-tracing engine and then evaluating the functional form
of the χ2-divergence.

A. HCR Lower Bound under Poisson Noise

In this section, we instantiate the HCR bound for a specific
noise model. We consider noisy observations Yω , which
are drawn independently from a Poisson distribution with
rates given by the true plenoptic intensities Lθ∗(ω), i.e.
Yω

ind∼ Poisson(Lθ∗(ω)), ∀ω ∈ Ω. The Poisson distribution
is commonly used to characterize noise which is discrete or
quantized in nature, e.g. when the imaging device counts the
number of photons incident on the detector over a certain
window of time. If we specialize the HCR bound given in
(4) for this setting, we get

Var(θ∗i ) ≥ sup
∆ 6=0

θ∗+∆∈Θ

∆2
i

exp

( ∑
ω∈Ω

(Lθ∗+∆(ω)−Lθ∗ (ω))
2

Lθ∗ (ω)

)
− 1

,

∀i = 1, 2, . . . , d. (5)
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Fig. 2: An illustrative example: (a) Layout of a Π-shaped hallway with
dimensions marked. Corridors A, B, and C are 2.5m, 3m, and 2.5m long
respectively, and 2m tall. The hallway is illuminated with white ceiling lights
with a radiance 3 Wsr−1m−2. A red spherical ball is placed at the intersection
of corridor A and B. (c) If we let the the ball location and/its radius to be the
unknown parameter θ∗, a nominal RGB image of the scene LΩ

θ∗ , rendering
using Mitsuba [13] is shown in (b).

where all the true plenoptic intensities in (5) can be obtained
using the rendering software.

V. EXPERIMENTAL EVALUATION: ESTIMATING OBJECT
LOCATION AND SIZE

In this section, we demonstrate the efficacy of the proposed
framework using two illustrative problems: object localization
and size estimation. We begin by describing the scene layout
and geometry and then discuss some results and their impli-
cations.

A. Experimental Setup

Let us consider a scene consisting of a Π-shaped hallway
as shown in Fig. 2. A red spherical ball which is the object
of interest is placed somewhere in the hallway. It is further
assumed that the location of the object is confined to the
dotted lines shown in Fig. 2a which is centered between the
corridor walls, floor, and ceiling. Walls are painted with a
diffuse eggshell paint, and their BRDF is modeled using the
roughplastic plugin in Mitsuba [13].

We further assume that noisy plenoptic measurements are
made by an imaging device located at C0 which collects
multispectral images with 30 uniformly spaced spectral chan-
nels in the 368 − 830nm range (as opposed to the RGB
observations illustrated in Fig. 2b). With this setup, we study
the fundamental limits of two different scalar estimation
problems:
• Estimating location of the ball (with a fixed radius of

10cm) along the Π-shaped hallway.
• Estimating radius (size) of the ball located at the center

of Corridor B.
For these estimation problems, we assume that the scene

geometry and the BRDFs of the surfaces are known, i.e., the
only unknown in the scene is either the location of the ball
or its radius. We discretize the 1-D Π-shaped manifold along
which the ball could be located to 790 equispaced points (each



1cm apart). Ball locations are numbered clockwise from 1
(bottom-left of the Π-shaped manifold) to 790 (bottow-right
of the manifold). For size estimation problem, we consider
101 possible values for ball radii in the range 5cm to 15cm
(with 0.1cm increments). We use the Mitusba renderer [13]
to synthesize physically accurate plenoptic samples LΩ

θ∗ , for
different values of the unknown parameter θ∗ (and ∆), and
numerically evaluate the HCR bound (5).

B. Results and Discussion

Using the rendered plenoptic data, we numerically evaluate
the HCR-LB (5) for the problems described above. We then
use finite-difference methods on the rendered data to (approx-
imately) compute (pixelwise) Fisher Information, which we
call Finite Difference-Fisher Information (FD-FI).

Figures 3a to 3c depict the HCR-LB for estimating the ball
location. The HCR-LB is (unsurprisingly) small (� 1) when
the ball is in corridor A (in LOS). The lower bound suddenly
drops when the ball translates horizontally (w.r.t the camera)
in corridor B (see Fig. 3a). This is expected, as detecting an
object is easier when it moves horizontally as compared to
when it moves away from the camera. HCR-LB increases by
a few orders of magnitude when ball goes away from LOS
– location 320 7→ location 321 (see Fig. 3b), and continues
to increase sharply for ball locations further down corridor B
(see Fig. 3c). In corridor C, the actual value of the bound
gets higher ∼ 104cm2 which indicates that accurately locating
the ball around two corners is (again, unsurprisingly) a much
more difficult estimation problem.

Some recent works [7], [8] have proposed that sharp edges
and occlusions in a scene can help recover NLOS imagery.
These sharp occlusions act like a pin-hole camera, projecting
information about NLOS regions of a scene on to visible
regions, e.g., walls and floors. From looking at the FD-FI
images, we believe that some of the dips in the HCR-LB in
corridor C (in Fig. 3c) result from such effects, and in a way
corroborates those findings.

Pixelwise FD-FI images in Fig. 4a provide valuable insights
on where and how information about a parameter of interest
is distributed amongst the observed samples. As one might
expect, when in LOS, the edges of the ball provide most
information about its location. When the ball moves away from
LOS, information about its location is conveyed by shadows
cast by the ceiling light in corridor B on the floor, and other
indirect photons from the back wall and the floor. These subtle
details are however not visible in the raw plenoptic data (or
the nominal RGB images in bottom-row of Fig. 4).

The HCR-LB for estimating the radius of a ball placed at
the center of corridor B (location: 400) is shown in Fig. 3d. We
observe that the lower bound decreases as the radius increases,
suggesting that estimating radius of a larger ball could be
relatively easier. Pixelwise FD-FI images for radius estimation
problem in Fig. 4b, show that regions of information are
mainly on the back wall which arise from multi-bounce
photons, and the number of informative pixels increases for
larger radii. We can see that the regions of high information

differ significantly between Fig. 4a and Fig. 4b. We conclude
that these informative regions/observations depend on both the
parameter of interest at large (see difference between Figs. 4a
and 4b), and also on the particular value of the parameter (see
differences amongst images in the top-row of each of those
figures).

VI. CONCLUSION AND FUTURE WORK

We presented a framework to compute information-theoretic
lower bounds for estimating scene parameters from noisy
plenoptic data. Our approach employed HCR-LB over com-
monly used CR-LB, as the former is: (a) more amenable to our
settings where computing partial derivatives (w.r.t parameters
of interest) might be infeasible, (b) applies to a wider range
of problems, and (c) yields a bound that is at least as good
as CR-LB. Using computer graphics rendering packages, we
overcome the difficulty of having to solve the forward model
in closed form, by numerically evaluating the HCR bound.

Our renderer-enabled lower-bounding framework has been
used to compute lower bounds for a few illustrative NLOS
imaging problems. Additionally, we are able compute pixel-
wise Fisher information (using finite differences). This FD-
FI data provides useful insights, especially for NLOS imag-
ing problems as they tell us which of the indirect pho-
tons/observations convey more information about the parame-
ter(s) of interest. We believe that these insights and tools can
be used to develop novel adaptive sensing strategies for scene
parameter estimation. Although we explore only classical
multi-spectral imaging systems in this work, our estimation-
theoretic framework readily generalizes to accommodate ad-
ditional dimensions of the plenoptic function, for e.g., lenslet-
array camera systems.

The potential benefits of HCR-LB framework come at a cost
of increased computational requirements. Computing HCR-LB
involves finding the supremum of the expression in (4) for gen-
eral noise models, or (5) for the Poisson case. In this work, we
compute the supremum by exhaustive search since the param-
eter space is small. However, if one is interested in problems
with multiple parameters (d � 1), the computational time
for exhaustive search would increase exponentially making it
prohibitive to apply in high-dimensional settings. For such
settings, we could potentially explore either derivative free
(zeroth-order) optimization methods, or recently developed
differentiable renderers like [21], [22] to compute derivatives
and evaluate the HCR-LB (5). We defer these investigations
to future work.
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(a) HCR-LB drops significantly when
ball starts moving in Corridor B.
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(b) Sharp increase in the HCR-LB
when the ball moves away from LOS.
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(c) The HCR-LB in the NLOS region
is much higher, implying the potential
hardness of the estimation problem.
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(d) The HCR-LB decreases with in-
creasing size (radius) of the ball.

Fig. 3: HCR-LB for ball location estimation in (a) LOS region, (b) Transition from LOS to NLOS, and (c) NLOS region; (d) Ball radius estimation, With
the help of these curves, one can quantify how difficult the problem of estimating NLOS parameters can be.
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(a) Pixelwise FD-FI for 4 different ball locations: (top-row from left to right) completely
in LOS, just inside LOS, just outside LOS, center of corridor B. Notice that different
regions in the scene are more informative than others for different ball locations.
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(b) Pixelwise FD-FI images show where information about ball
radius is localized. Notice that regions of information differ from
the FD-FI images for ball location in Fig. 4a.

Fig. 4: Pixelwise FD-Fisher Information (FD-FI), obtained by aggregating contributions from all 30 spectral channels. Darker regions ⇒ more informative,
Pixelwise FD-FI shows where and how information about the parameter of interest is localized in our observations. These images highlight subtle details
about the scene parameters which are not visible from the nominal RGB images (bottow-row) which are obtained from the rendering software.
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