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Abstract— We consider a MIMO fading broadcast channel and  signal is formed ax = Vu, such thatV € CM*K is a zero-
compare the achievable ergodic rates when the channel stateforcing beamforming matrix and € C¥ contains the symbols

information at the transmitter is provided by “analog” noisy ; ;
feedback or by quantized (digital) feedback. The superioty f]r{orz I]\(/[Ir;gzp;{(??hdir;tlhlmgnenergfte\df i(zaclzﬁs‘lsae% (t:gdt()e(\a/vc;rdusr;itFor
of digital feedback is shown, with perfect or imperfect CSIR = ! Vi

whenever the number of feedback channel uses per channelVector orthogonal to the subspa8g = span{h; : j # k}. In
coefficient is larger than 1. Also, we show that by proper degn this case, the achievable sum rate is given by
of the digital feedback link, errors in the feedback have a mmor

effect even by using very simple uncoded modulation. Finall |hH v, |2Pk (H)

we show that analog feedback achieves a fraction — 2F of R = S B[P (G))<P ZE log {1+ kT :
the optimal multiplexing gain even in the presence of a feedick kLR = k=1 0

delay, when the fading belongs to the class of “Doppler prosses” (2

with normalized maximum Doppler frequency shift0 < F < 1/2. We consider the situation whefe = M, and thus do not con-
sider user selection. Furthermore, we are mainly intedeiste
the high-spectral efficiency regime, where we can charaeter
|. MODEL SETUP AND BACKGROUND the achievable sum rate adog P/Ny + O(1), and is the

We consider a multi-input multi-output (MIMO) Gaussian SyStém multiplexing gain” or “pre-log factor” of the ergiod
broadcast channel modeling the downlink of a system whetem rate. Hence, it is well-known that using uniform power
the base station (transmitter) hag¢ antennas ands user Yk = P/M for all k = 1,..., M, rather than performing

terminals (receivers) have one antenna each. A channel @géimal water-filling, incurs a loss only in th@(1) term, and
of such channel is described by we shall restrict to this choice in the rest of this paper.

It is well-known that, under perfect CSIT and CSIR, both
Yk = hgx+ 2z, k=1,... K (1) the optimal “Dirty-Paper” sum-rat€' and the zero-forcing
_ _ sum-rate R%Y are equal toM log P/Ny + O(1). On the
wherey,. is the channel output at receivief z;, ~ CN(0, No)  contrary, under non-perfect CSIT the rate sum may behave

. . Af .
is the corresponding AWGNh,, € C™ is the vector of 5 g radically different way; for example, if there is petfec
channel coefficients from the-th receiver to the transmitter cg|R and no CSIT whef has i.i.d. Gaussian entries, the

antenna array and is the channel input vector. The channedm rate is equal ttog P/No + O(1) [1]
input is subject to the average power constraifjk|?] < P.

We assume that the chanrsthte given by the collection B. Channel state feedback models
of all channel vectord = [hy,...,hg] € CM** variesin  We consider some specific CSIT and CSIR models and
time according to a block fading model whekkis constant derive lower-bounds to the corresponding achievable écgod
over each frame of lengtit’ channel uses, and evolves frontates by analyzing aaivebeamforming scheme that computes
frame to frame according to an ergodic stationary jointlg mismatched ZF beamforming mati from the CSIT. In
Gaussian process; i.i.d. block-fading channel, wheretltiées  particular, we consider an “analog” CSIT feedback scheme
of H are Gaussian i.i.d. with elements€N(0, 1) is a special where the transmitter observation at frame titris given by

case of this. {G(r) = /BPH(1) + W(r) : 7= —00,...,t —d} (3)

where {W(7)} is a spatially and spectrally white Gaussian
If H is perfectly and instantaneously known to all terminalgrocess with elements- CN(0, Ny) and d is the feedback
(perfect CSIT and CSIR), the capacity region of the channd¢lay. This models the case where the channel coefficieats ar
(1) is obtained by MMSE-DFE beamforming and Gaussiagxplicitly transmitted on the reverse link (uplink) using-u
dirty-paper coding (see [1, 2] and references therein)aBse quantized quadrature-amplitude modulation [3—6]. The grow
of simplicity and robustness to non-perfect CSIT, simplescaling 5 corresponds to the number of channel uses per
linear precodingschemes with standard Gaussian coding haedannel coefficient, assuming that transmission in thelfaek
been extensively considered. A particularly simple schensbannel has fixed peak powét and that the channel state
consists of zero-forcing (ZF) beamforming, where the tnaihs vector is modulated by 8M x M unitary spreading matrix [3].

A. Capacity results



A simplifying assumption of this work is that we consider ndbeamforming with ideal CSIT. Denoting bRZF the rate of
fading and orthogonal access in the CSIT feedback link, aHger k Vﬁlth ltJ_nlrf[(]))rmH(aErc;Dss]\/[u_sersé) and hconstant (in time)
we assume that the SNR on the feedback channel is equivaf%?]‘f'er allocatiorP (H) = P/M in (2), we have

to the un-faded downlink SNRR/ Ny). ARpnaos 2 R¥ R,

A different CSIT feedback approach is based on quantizing v, 2P g 2P
the channel vector at each receiver and transmitting battieto < E {bg (1 + ﬁ\foMﬂ -E {bg (1 + Y] )}
base station a packet &f bits, representing the corresponding b o
guantization index. If a random ensemble of quantization = E {bg <1+W>
schemes is used (referred to Random Vector Quantization NoM
or RVQ), in [7, Theorem 1] it is shown that the gap between (Z#k lelv;]2 + |ak\2) P
ZF with ideal CSI and the naive ZF scheme is given by —E |log 1+ NoM

ARquant, < log <1 + Nﬂo2ﬁ> . 4) +E |1og (1 S egvv]};Pﬂ
. 0
Il. RATE GAP BOUND FOR ANALOGCSIT FEEDBACK o .
(@) e, 2P

In the case of i.i.d. block fading and no feedback delay, < E|log (1+Z NoM ﬂ
the analog CSIT feedback yields the observationGhf= iz
VBPH+W at the beginning of every frame. The transmitter ) og 14+ -2 ST E[jeliv; )
computes the MMSE estimate of the channel matkik,= - NoM <— B
N@PG. Thek-th columnvy, of V is a unit vector orthogonal © e (1 o2P M —1 -
to the subspacs,, = Spar}:{i'\lj : j # k}. Notice that we can B Og( TN M )

writt H = H + E, whereH andE are mutually independent \yhere (a) follows from the fact thaf

and havem?aussmn i.i.d. components with mean zero 3§i€chastically dominatetv, |2 since|ar|? and[ht'v,|? are

- 2 _ -1 i > - k|~ <
variancey > ando; = (1+ GP/No)~", respectively. identically distributed, (b) follows from Jensen’s inetjtya
The signal at the:-th receiver is given by and the final expression (c) follows by noticing that ¥ies a
— ("% + HG Vs 4 5 deterministic function oH_ and therefore it is independent of
v = (I + 3 _(€19)u; + 2 ®) E. Therefore, we can writ&[|e['v;|?] = E[V}E[ee}]v;] =

i#k ~ . ~ . .
! o o2E[[v,|%] = 02, sincev; has unit norm by construction.
We assume that the frame duration is long enough such =~ '

that some training scheme can be used in the downlink!ll. COMPARISON WITH QUANTIZED CSIT FEEDBACK
channel. Training allows each receiver to estimate: 1) thein this section we compare analog and digital feedback
useful signal coefficienta, = (h}!v,) and 2) the variance under the assumptions of perfect CSIR, no feedback errors,
of the interference plus nois¢. = >, (e['V;)u; + 2, and no feedback delay. Replacing the estimation error vegia
given by Y, = E |<k|2|ek,ﬁ} = No+ X, lefiv;[2P/M. o? =1+ BP/No)~1 in (7) and further upper bounding we
This conditioning is due to the fact thal, is estimated on ©btain:
each frame, and the coefficien{e;'v;) are constant over 1

each frame and change from fr(arl;ejzo frame, following the ARanatog < log (1 + B) ' ®
block i.i.d. fading model. The maximum achievable rate of

& subi he ab . is | bounded Let us now consider digital feedback over the same channel.
users su ject to t € above assucmpt|ons IS lowerbounde l;I’}‘ne rate gap obtained in [7, Theorem 1] and reported in (4) is
assuming a Gaussian input = uf ~ €N(0, P/M), and by

s . . 19 DY further upperbounded Hyg(1+(P/Ny)-2~ 37 ). Let us assume
considering the worst-case noise plus interference bligtan PP pe(1+(P/No)-2" )

. . ) _ - (very unrealistically) that the digital feedback link capevate
in every frame. Using stationarity and ergodicity, we have error-free and at capacity, i.e., it can reliably transtoit 1 +

) G P/Ny) bits per symbol. For the same number of feedback
R, =z E [@:E[Iéillg]gzk T (s yelax, E’“)} channel periods3/, the number of feedback bits per mobile
(@) |ax|2P is B = M log,(1+ P/Ny). Replacing this into the rate gap
E {log (1 RS )] (6) bound, we obtain:

ik €0V 4 |ag]?

P/N
where (a) follows from [8], noticing that,u$ and () are ARquant. < log (1 + MQW) . (9)
uncorrelated (even after conditioning op, Xx). 0

Next, we shall bound the rate gap incurred by the naiyes = 1 the quantized and analog feedback achieve essentially
ZF beamforming and analog feedback with respect to the ZE, <ome rate gap of at most 1 b/s/Hz. Howevep i 1

1with some abuse of notation, the term in the second line ohé&ke the unlike the analog feedback case, the rate gap of the qudntlze

following meaning: feedback vanishes faP/Ny — oco. and digital is far superior
_ to analog forg > 1.
E[mf%ﬂl\%\zléﬂk I(ug?y““k’zk)] This conclusion finds an appealing interpretation in the
= context of rate-distortion theory. It is well-known (se€] [9
Jinfe, mc, 21<0 Ll yklar, Sk = 0)dF (o) and references therein) that analog transmission is amapti

where F(o) denotes the cdf oF. strategy to send a Gaussian source over a Gaussian channel



with minimal end-to-end quadratic distortion. In our catbes

source is the Gaussian channel vegtgiand the noisy channel 25| — ZF Perfect CSIT, CSIR
. . —— ZF with perfect feedback, imperfect CSIR
is the feedback AWGN channel with SNR/N,. Hence, the Digital FB, imperfect CSIR (8= 1)

== Analog FB, imperfect CSIR (3 =1)
Digital FB, imperfect CSIR (B = 2)
=0~ Analog FB, imperfect CSIR (3=2)

fact that analog feedback cannot be essentially outpegdrm
for 5 = 1 is expected. However, it is also well-known that
if the channel rate is larger than the source rate (i.e., less
than one Gaussian source symbol arrives per channel symbol
which corresponds t@ > 1 in our case), then analog is
strictly suboptimal as compared to separate source anadhehan
coding because the distortion with analog transmissiotesca
as 1/ whereas it decreases exponentially witli.e., along

the vector quantizer R-D curve) for digital transmission.

)
S

Sum Rate (bps/Hz)

I I I I
15 175 20 225 25

SNR (dB)
Fig. 1. Quantized vs. Analog Feedback with Imperfect CSIR.

IV. EFFECTS OFIMPERFECTCSIR

We now consider the scenario where each receiver has only
a noisy estimate of its channel acquired via downlink tragni
In order to allow for channel estimatio; M shared pilots

(51_2 1 sy_mbols per antenna) are transmitted. Each receiver—rhere are, however, some important differences with the
e_stlmates its channel on the_ basisbt= v ﬂlPH+Z_' Wh'c_h perfect CSIR scenario. First note that the imperfect CSédde
yields (after MMSE estimation) Gaussian error with var@ng, eqjqual interference that does not vanish with SNR; as
(1 + Bl_P/NO)*l. Termlna!s feed _back_c.hannel |nformat|ona result, the rate gap is not driven toeven whens > 1,
immediately after completion of this training phase. Aftiee assuming; and 3, are fixed. In addition, whep, ~ 8, ~ 1,

transmitter has chosen beamforming vectors on the basi®of f, o tect CSIR seems to have a considerably stronger effect
channel feedback, an additional round of downlink training, - - teedback noise thereby reducing the magnitude aidligi
is performed to enable coherent detection and allow eaghynacis advantage. These effects are both visible in Fig

- X . . T
termmal to estimate its usefpl signal coefficient = hy Vk- 1, where analog and digital feedback curves are plotted for
This can be accomplished ifo M symbols by transmitting B = B, — 1andB = 1 and = 2, along with the throughput

along each of the beamforming vectors f6y symbols. If of an imperfect CSIR/perfect FB system.

MMSE estimation ofay, is performed, we havey = a +,f’“ _ Finally we comment on the tradeoff between downlink

where f 2and ay are mdependgnt complex Gaussian’s W'ﬂﬂaining (31) and channel feedbacl). Since downlink pilots

varianceo; = wrrp and1 —crf,_respectlveI)?. are shared, training consumes omdyM channel symbols.
Under this set of assumptions, a lower bound t{‘:}hannel feedback, on the other hand, requjpd$ channel

I(u; yilax) can be derived using techniques similar to thosg mbolsper mobile If the M terminals can simultaneously

in [10, 11]._Using this lower bo_und and some steps similar { ansmit on the feedback channel, perhaps utilizing ike
those leading to (7), the following upper bound to the rate 9%ntenna receive array at the base as described in [3],4hen

can be reached at. and 3; are equivalent in terms of system resources. For the

AR < log, <1 + P (ch% + (M — 1)]E[|h,':'0j|2]) 7> case of analog feedback, from (10) we see thaand (5,
NoM should be chosen equal. On the other hand, if digital feddbac

where the multi-user interference tefdfih!'v;|?] depends on is used, it is only necessary to chooSe> 1 (so that the

the CSIT and thus on the channel feedbagk &s well as effect of feedback noise vanishes), and the remainder of the

the accuracy of the initial training3(). We again assume thatresources should be devoted to downlink training, i.e/ito

BM symbols are devoted to channel feedback (per mobile).Tihis is an additional advantage to digital whenevers; > 2.

analog feedback is used, we get an upper bound of: Note that there is also a tradeoff betwe@nand ., but that

1 1) 10) the effect of the initial training ;) is considerably stronger

1
ARpnalog < log |1+ — + += than the second phase.
o8 8 ( B Mpy B P

In the case of digital feedback, under the assumptionhat V. EFFECTS OFCSIT FEEDBACK ERRORS
BM log,(1 4+ P/Ny) feedback bits per mobile are sent in an
error-free manner, we get:

We now investigate the impact of removing the optimistic
assumption that the quantized feedback channel can oper-
AR gyans. < log (1 + S + 1 + P/No ) . (11) ate error-free at capacity. We consider a very simple CSIT
pr MpBx  (1+P/No)’ feedback scheme that certainly represents a lower bound
Comparing (10) and (11) we come to the same geneml the best quantized feedback strategy. The user terminals
conclusions as in Section llI: i = 1 then digital and analog perform quantization using RVQ and transmit the feedback
are equivalent, but ifd > 1 digital is superior to analog bits using simple uncoded QAM. No intelligent mapping of the
because the effect of feedback noise vanishes at high SN&antization bits onto the QAM symbols is used, and theesfor
for digital but does not do so for analog. even a single erroneous feedback bit from useesults in
) o o , _ CSIT that is completely independent (due to the properties
Note that additional training is required because terrsidal not know the

channels of other terminals, and thus are not aware of theechbeamforming of RVQ) of the actualk-th _Channel vector._ Since uncoded
vectors. QAM is used, error detection is not possible and the base




Effect of alpha, for beta=4 VI. EFFECTS OFCSIT FEEDBACK DELAY

We consider now the case of analog feedback (assuming
perfect CSIR) when each entry Bf evolves independently (in
the block-fading way described earlier) according to thaea
complex circularly symmetric Gaussian stationary ergodic
random process, denoted B (¢)}, with mean zero, variance
1 and power spectral density (Doppler spectrum) denoted by
Sh(€)., € € [-1/2,1/2].

Because of stationarity, without loss of generality we can
focus ont = 0. We are interested in the linear MMSE
estimation ofh(t) from the observatiodg(7) : 7 = —o0,t —

d} where, following the analog feedback model (3), we let

w
o

—— ZF with perfect CSIT

- digital feedback -
—o=1

| —— a=1.5 7

N N
o a

average sum rate [bit/channel use]
=
a1

Y 5 10 15 20 25 30 g(1) = h(1)+w(7), with w(7) i.i.d. ~ €N(0, ) ands = Ya.
SNR [dB] : . . BP
In particular, we consider the case of 1-step predictiba: (1)
Fig. 2. Quantized feedback with QAM modulation. and the case of filteringd( = 0). From classical Wiener
filtering theory [13], we have that the prediction error igegi

b

station computes beamforming vectors based on the possib)lly 1/2
erroneous feedback. €1(0) =exp </

We again use5M symbol periods to transmit the feed-
back bits. There is a non-trivial tradeoff between quantgnd that the filtering MMSE is given by
zation and channel errors. In order to maintain a bounded Se1(0)
gap, feedback must be scaled at least &6 — 1) log,(1 + €(9) = S+ea0)
P/Ny) ~ M log, P/Ny. Therefore, we consider sendifigy= _ )
aM log, P/Ny for 1 < a < 3 bits in M symbol periods, We shall discuss the rate gap_bound (7 Iettldi_@ =
which corresponds t@ log, (P/No) bits per QAM symbol. ea(No/(BP)) for d = 0,1, under different assumptions on

From [12], using the fact that the QAM constellation size iLhe fading %rocesfh(t)}. we di\i;inngh t\/\éo gasesl::) Dowpler
equal toL = (P/Ny)?@, we have the following upper boungProCcess and reguiar process. We say lidt)} is a Doppler

" . process ifSy, () is strictly band-limited in[—F, F], where
to the symbol error probability for QAM modulation: F < 1/2 is the maximum Doppler frequency shift, given

3/ p\Lle/s by IF = ”fCTf, where v is the mobile terminal speed
P, < 2exp <—5 <F> ) (12) (ml/s), f. is the carrier frequency (Hz}; is light speed (m/s)

0 and Ty is the frame duration (s). Furthermore, a Doppler
pprocess must satisfij log Sp(£)dE > —oo. .Following [14],
Yre say that{n(¢)} is a regular process i€;(0) > 0. In
particular, a process satisfying the Paley-Wiener coowliti 3]

1/2 .

&1/2 log Sp,(€)d¢ > —oo is regular.

A Doppler process satisfying our assumptions has predictio

error

log(d + Sh(&))dé“) -5 (14)

—1/2

(15)

For « = (8 (which means trying to signal at capacity wit
uncoded modulation!P, does not decreases with SNR an
the system performance is very poor. However,dgp < 1,
which corresponds to transmitting at a constant fraction
capacity,P; — 0 as P/Ny — oo. The upper bound on the
error probability of the whole quantized vector (transedtt
in BM symbols) is given byP, s, = 1 — (1 — P5)PM. A B F
lower bound on the achievablef ergodic r(ate is z)btained by c1(8) = 0" exp (/Flog(5+5h(§))d§> -6 (16)
assuming that when a feedback error occurs for uséts
SINR is zero while if no feedback error occurs its rate is giveNO feedback delay { = 0). In this case
RZ¥ — ARquant., that is, the rate of ideal ZF decreased by the . (&)
(upper bound to) the rate gap. It follows that the ergodie rat Po? — No t\Bp (17)
‘ B Ny + e (&)
BP B8P
Ry > (1= P)"™ (RE" —log (14 (P/No)'~*))  (13) Hence,limp o Po? = o for both Doppler and regular
processes. For the latter, this is clear from the fact that

Choosingl < a < 3 we achieve both vanishing, and van- €1(0) > 0. For the former, this follows from (16). Applying
ishing A Rquant. as P/Ny — oo. Thus, even under this VeryJensen’s inequality and the fact trﬁsh(g)dg =1, we arrive
simple CSIT feedback scheme the optimal ZF performan@gzthe upper bound
can be eventually approached for sufficiently high SNR. o (ﬂ) - (ﬂ)kw (L . (ﬂ))zF B (E)QF

Fig. 2 shows the ergodic rate achieved by ZF beamforming \8FP/ — \ 8P | \2F P BP

with quantized CSIT and QAM feedback transmission forUsing the fact thatog is increasing, we arrive at the lower
M = K = 4, independent Rayleigh fadingi = 4 and boun

different values ofa. It is noticed that by proper design of 1-2F T 2F
y prop g <No) § (No) oo (/; logsh(g)dg) _ (&) J

of userk is upperbounded by

(18)

the feedback parameters the performance can be made vety\ gp 3P 3P
close to the ideal CSIT case.

19)



M=K=4, Jakes process
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—— ZF with perfect CSIT
| — ZF with v=5km/h
ZF with r=20km/h
ZF with v=50km/h
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L + delay=0
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-

average sum rate [bit/channel use]
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SNR [dB]

Rates with feedback delay and Jakes’ correlation.

20

Fig. 3.

These bounds yield that (Ny/SP) = kP~ (1=2F) £ O(1/P)
for some constank. Hence,e; = O(P~(1—2F)) while § =
O(1/P), and the limits holds.

We conclude that in the case of no feedback delay tlngg

20 M=K=4, Gauss—Markov process
—--DPC

—— ZF with perfect CSIT
| = ZF with r=0.9
ZF with r=0.5

--©- ZF with r=0.1

15

10

upper boynd/

average sum rate [bit/channel use]

SNR [dB]
Fig. 4. Rates with Gauss-Markov AR-1 correlation.

Figs. 3 and 4 show the achievable ergodic rates for the
Jakes’ Jy" correlation (strictly band-limited) and the Gauss-
Markov AR-1 correlation (regular process) for differensfir

correlation values. For the AR-1 process with= 1

estimation error is essentia”y dominated by the instaatas the System becomes interference limited. On the Contlhey, t

observation and not much improvement can be expected fformance under Jakes’ model degrades gracefully as the

taking into account the channel memory if analog feedbagker mobility (Doppler bandwidth) increases.

is used. With quantized feedback the same may not be true
because it is possible to exploit memory by feeding back only
the innovation process [15]; this is under investigation. [1
Feedback delay ¢ = 1). In this case, the behavior of
Doppler versus regular processes is radically differeot. F 2]
Doppler processes, using (18) and (19), we have thet =
Pei(No/BP) = kP?F + O(1). It follows that the achievable
rate sum is lowerbounded by
M
> Ry > M(1-2F)log P+ 0(1)
k=1
which implies a multiplexing gain of/ (1 — 2F).
For regular processes, on the contrary, we have Fagt >
Pe1(0) = O(P). Hence, the rate gap grows likeg P and
the achieved multiplexing gain is zero. Furthermore, it ban [6]
shown that the following is actually an upper bound to the
per-user rate, even when the feedback is noiseless: [7]

log, (ﬁ (M- 1)) _ )

log, 2
1 1 1
(=1 * 73

log, 2 \2M —1 ' 2M —2 (]
In conclusions, the most noteworthy result of this analysis

is that under common fading models (Doppler processes), thd
analog feedback scheme achieves a potentially high multi-
plexing gain even with realistic, noisy and delayed fee#bad11]
Notice for example that with mobile speed = 50 km/h,
fe =2 GHz, and frame duratioh ms, we havet’ = 0.0926. [y
With M = 4 antennas we achieve a yet respectable pre-log
factor equal ta3.26 instead of 4 (13]

(3]

(20) [4]

(5]

<

Ry,

+ [8]

(21)

3|t is interesting to notice here the parallel with the resuf [14] on the (14]

high-SNR capacity of the single-user scalar ergodic statip fading channel
with no CSIR and no CSIT, where it is shown that for a claseafi-regular 15
processes that includes the Doppler processes defined therdiigh-SNR (15]
capacity grows likeLlog P, where L is the Lebesgue measure of the set
{¢ € [-1/2,1/2] : Sp(€) = 0}. In our case, it is clear thal = 1 — 2F.
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