Lecture 3

* Differential Entropy
» Asymptotic Equipartition Property (AEP)
e Source Coding
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Differential Entropy

» For continuous r.v. X with pdf f(x)
h(X)=—[ f(x)log f (x)dx
* Properties:

h(X) not necessarily non - negative
Translation: h(X+a)=h(X)
Scaling: h(aX)=h(X)+log|a|
Conditioning: h(X|Y)<h(X)

Mutual Inf:  1(X;Y)=h(X)-h(X]Y)

1/25/05 EE 8510: Lecture 2




Asymptotic Equipartition Property
X Xy,... areiid ~ p(x)

AEP: -%Iog p(X,,...,X,) > H(X)

Typicalset A" : sequences (x,..., X, ) satisfying

2-n(H(X)+s) < p(xl,...,Xn) < 2-n(H(X)—s)

* As n gets large, almost all sequences are typical
* Roughly 21X typical sequences, each with
probability roughly equal to 2-"H(x)
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Properties of Typical Set

Typicalset A™ : sequences (x,,..., X, ) satisfying
9NHX)+8) < p(xl,...,Xn) < 97 NHX)-¢)

Properties:

1. P(AM)>1-¢ for sufficiently largen

2. | A < 20tH00+)

3. | A |2 (1-£)2"002)
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AEP Intuition

AEP does not imply sequence X, X,,...X, converges, but
implies probability of sequence (i.e. p(X;, X,,...X,))
converges to 2-"H(X)

X; ~ Bern(1/4)

Typical set is sequences which have roughly ¥4 one’s, %
zero'’s

(0,0,...) is the most likely sequence (Prob = (3/4)"), but is
not in typical set

Prob(typical set) -> 1 as n -> infinity, so sufficient to only
consider typical sequences
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Source Coding

Thm: Let X ~ p(x) be a finite alphabet source. If R >
H(X), then there exist fixed length block codes (n, 2"R)
with P(e) -> 0 as n -> 0. Conversely, any sequence of
codes (n, 2"R) with P(e) -> 0 satisfies R >= H(X).

Achievability: Uniquely code typical sequences, assign
all atypical sequences to a single codeword

Converse: Uses Fano’s inequality

1/25/05 EE 8510: Lecture 2 6




Block Codes

» Encoder: Assigns length k (normally 2"R) codeword to
each length n vector of source symbols

» Decoder: Maps from length k code to length n vector

» Prob. Error: probability decoded vector not equal to
input vector
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Fano’s Inequality
(X,Y)~p(x,y), P,.=Pr(X=Y)

Thm: H(X|Y)<H(P)+P.(log| X |-1)
<1+P,(log| X |-1)

* If P.=0, then need H(X|Y)=0
» Fano’s proves that if P, small (but not necessarily zero),
then H(X|Y) must be small

» Used in almost every converse: X message, Y is output
of decoder
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Joint Typicality
(X,Y)~p(x,y)
AEP: -%Iog P((X,Yy),...,(X.,Y,) = H(X,Y)

Typicalset A™ : sequences (X, ¥y)-..,(X.,¥,)):
270 < p(x,, L, x,) < 2HK)
9-NHY)+e) < p(yl,..., y )S 2-N(H(Y)-¢)

2700 < Py, Yy),ees (X, ) £ 27OV
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Properties

L P(X"Y")eAY)>1lasn>ow

2.| AW | 2nH(XY)+e)

3.0 (X", Y") ~ p(x")p(y"), then
Pr((X",Y") e AD) < 27N10Y)=32)
Pr(()~(n’\~(n) c A(gn)) > (1_8)2—n(I(X;Y)+3g)

4. x"e A, ADKY" X" ={y":(x",y") e AV}

|A(n)(Yn Xn)|< 2n(H(Y|X)+2£)
& ! -
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