Robust Control: HW 9

Problem 1:

A
1. Prove that ¢ = min I xH2
220 ||z||2

2. Prove that 6(A~!) = a(lA).

3. Give an example of a 2 x 2 matrix A(e) that has stable eigenvalues
that are constant independent of € but 6(A(e)) — oo with € — oo.

4. Construct matrices A(e), B, C, D (Note that B, C and D have
A B

to be constant matrices) such that if G(s) = ((;) o) then

|G (s)||#,, — oo with e — ocobut the poles of G are independent of e.

Interpret this result.

Problem 2: Consider a spring-mass damper system whose dynamics is
given by

.. c. k 1

p+—p+—p=—u

m m m

where u is the control input. Assume that the displacement p is measured.
Suppose that the mass m is within 1% of a nominal value m, the stiffness
k is within 1% of a nominal value k, and the damping ¢ is within 1% of a
nominal value ¢. Also assume that there is output multiplicative uncertainty
of the form (1 4+ Wy, (s)A,) where W, (s) is stable and A(s) is stable with
|Alloc < 1. Noise n effects the measurement p. The reference trajectories to
be tracked is captured by a stable prefilter W,.. The regulated variables are
the error in tracking r» — p, the control input v and the position p.

1. Cast the problem into a G— K — A framework with the G identified, the
structure of A specified, the exogenous input vector and the regulated
variable identified.

2. State the robust stability problem in terms of structured singular
value.

3. State the robust performance problem in terms of structured singular
value.



Problem 3: Consider a unity negative feedback system with K(s) = %
and a nominal plant model SQLI Construct the smallest destabilizing

A € RHo in the sense of || Al|o for the following cases:

1. P=P+A.

2. P=Py(1 4+ WA) where W(s) = 0'2S(j§;0)-

2(s+1 5240.2s
3. P=RFRe, N =200 M = ZH0255 and A= [A, A,

Problem 4: (Unstructured Perturbations)

1. ( Additive Uncertainty) Let II = { P+W1 AW, : A is a stable transfer matrix}.
Suppose W7 and Wy are stable transfer matrices. Suppose K stabi-
lizes P in a negative feedback interconnection. Show that the negative
feedback interconnection of K and any plant in II with ||Afl < 1 is
internally stable if and only if

|[WaKS,Willeo <1
where S, := (I + PK)~ .

2. ( Multiplicative Uncertainty) Let IT = {(I+W1AW3)P : A is a stable transfer matrix}.
Suppose W7 and W5 are stable transfer matrices. Suppose K stabi-
lizes P in a negative feedback interconnection. Show that the negative
feedback interconnection of K and any plant in IT with [|Alj < 1 is
internally stable if and only if

HW2T0W1||OO S 1
where T, := 1 — S,.

3. Let P = (I + AW)P, where A is stable with ||A|lcc < 1. Also P and
Py have the same number of unstable poles. Show that K robustly
stabilizes P if and only if K stabilizes Py and

IWPRK (I + PoK) oo < 1.

Hint: Use the small gain theorem for unstructured uncertainty



4. Let

e

s+1 s+1

(a) Suppose P = Py + A with A stable and ||Aljsc < 7. Determine
the smallest v for robust stability.

(b) Let A = diag(ki, k2). Determine the stability region.
Problem 5: Consider the feedback system shown in Figure 1 where
! J

W3

Figure 1:

P =Py(14+WiAy) + Walg, [|Aillee <1, i=1,2.
Suppose Wy and W5 are stable and P and Py have the same number if rhp
poles.

1. Show that the interconnection is robustly stable if and only if K sta-
bilizes Py and
| IWAT] + [W2KS] floo <1

where
PyK

g L K
14+ RK 1+ P K

2. Show that the feedback system achieves robust performance (that is
|T.allco < 1) if and only if K stabilizes Py and

I [W3S[ + [WAT| + [W2K S [loo < 1

and T =



