
EE 8215 HW 4 Spring 2016

Due Tu 03/22/16 (at the beginning of the class)

1. Khalil, Problem 4.14 (attached).

2. What kind of equilibrium stability (stable (in the sense of Lyapunov), or AS, or GAS) if any, is exhibited
by the state representation of

(a) The 1
s2 plant with no input, i.e. ẋ1 = x2, ẋ2 = 0.

(b) The magnetically suspended ball:
ẋ1 = x2

ẋ2 = −c
m

ū2

x2
1

+ g
with ū =

√
mg
c Y = const.

3. The Morse oscillator is a model that is frequently used in chemistry to study reaction dynamics. The
equations for an unforced Morse oscillator are given by

ẋ1 = x2,

ẋ2 = −µ(e−x1 − e−2x1).

(a) Find the equilibrium points of the system.

(b) Investigate their stability properties.

4. Consider the following nonlinear system

ẋ1 = − x2

1 + x2
1

− 2x1,

ẋ2 =
x1

1 + x2
1

.

(a) Show that the origin is an equilibrium point.

(b) Using the candidate Lyapunov function

V (x) = x2
1 + x2

2,

what are the stability properties of the equilibrium point?

(c) Linearize the nonlinear system around the equilibrium point.

(d) What can you deduce about the stability properties of the origin based on linearization?

(e) Obtain a suitable Lyapunov function by solving the Lyapunov equation

ATP + PA = −Q,

where

Q =

[
2 0
0 2

]
.

5. Consider the system:
ẋ1 = x2

ẋ2 = − g(k1x1 + k2x2), k1, k2 > 0,

where the nonlinearity g(·) is such that

g(y) y > 0, ∀ y 6= 0

lim
|y|→∞

y∫
0

g(ξ) dξ = +∞

(a) Using an appropriate Lyapunov function, show that the equilibrium x = 0 is globally asymptoti-
cally stable.

(b) Show that the saturation function sat(y) = sign(y) min{1, |y|} satisfies the above assumptions for
g(·). What is the exact form of your Lyapunov function for this saturation nonlinearity?
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(c) Parts (a) and (b) imply that a double integrator with a saturating actuator

ẋ1 = x2

ẋ2 = sat(u)

can be stabilized with the state-feedback controller u = −k1x1 − k2x2. Design k1 and k2 to place
the eigenvalues of the linearization at −1± j, and simulate the resulting closed-loop system both
with, and without, saturation. Compare the resulting trajectories. (Please provide plots of x1(t)
and x2(t) rather than phase portraits.)
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