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Amplification of disturbances

e Harmonic forcing

d(t) = d(w) ot steady-state response
= d(w ;

*= Frequency response
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H,;;(w) — response from jth input to ith output

Qy Qs &
w \V] —
N N TN
€ & &
~— — —




EE/AEM 5231: Fall 2013

Input-output gains

e Determined by singular values of H (w)

left and right singular vectors:

HW)H*(w)u;(w) = o2(w)u(w)
H*(w)H (W) vi(w) = o?(w)v;(w)

{u;} orthonormal basis of output space

{v;} orthonormal basis of input space
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A

e Action of H(w) on d(w)

i) = Hw)dw) = 3 oi(w) w(w) (vi(w), dw))

1=1

¢ Right singular vectors

= identify input directions with simple responses

al(w) > O'Q(w) > - >0

i) = 3 o) i) (). dw))

1=1

AN

Jw) = op(w) uk(w)
o1(w): the largest amplification at any frequency
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Worst case amplification

e H., norm: an induced L, gain (of a system)

G = |H|Z = max 2NPULENCIOY - 02 (H (w))
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Robustness interpretation: small-gain theorem

d Nominal é
i Linearized Dynamics |
S A e 5

modeling uncertainty
(can be nonlinear or time-varying)

e Closely related to pseudospectra of linear operators

#(t) = (A + BTC)a(t)

LARGE —

worst case amplification stability margins
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Back to a toy example
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Response to stochastic forcing

e White-in-time forcing
E(d(t1)d"(t2)) = I6(t1 — to)

= Frobenius norm
power spectral density:

|H(w)|F = trace (H(w) H*(w)) = Z o; (w)

* Hs norm

variance amplification:
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Computation of H>; and H_,, horms

#(t) = Az(t) + Bd(t)
y(t) = Cx(t)

e [ horm
*= Lyapunov equation
|H||3 = trace(C P C*)

g(d(tl)d*(tQ)) — W5(t1 o t2) g { AP + PA* = —BWDB*

e H., norm

*= E-value decomposition of Hamiltonian in conjunction with bisection
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has at least one imaginary e-value




