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Lecture 22: Stability of infinite dimensional systems

e Exponential stability

* Definition
* Conditions
* Lyapunov-based characterization

* Examples
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Exponential stability
e(t) = AY(t), ¢(0) = o € H
e Exponential stability of a Cy-semigroup 7 (¢) generated by A

thereexist M > 0, > 0 s.t. ||[T(t)]| < Me 2! forall ¢ > 0

e Consequence

* exponential convergence to zero of solutions to ¥ (t) = AY(t)

IOl < M |lpoll ™"
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Conditions for exponential stability

DATKO’S LEMMA:

Exponential stability of 7(¢) on H
)

for every 1y € H there exists positive v, < oo s.t.

/0 I7(6) oll2dt <
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Lyapunov-based characterization

Exponential stability of 7(¢) on H
)

there exists a bounded positive operator P s.t.

A, Py) + (P, Ad) = —@,¢) forally € D(A)

e P —infinite horizon observability Gramian of system withC = I

/ TT ¢0 dt, 1y € H

e Lyapunov functional

V() = @), Pyt) = (T(t)$(0), PT(t)¥(0))
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Example: diffusion equation on L. |[—1, 1]

Vi(z,t) = Yua(z,t)
10(1‘70) — wo(fﬂ)

W(£1,t) = 0
e Lyapunov equation
ATP + PA = —1 on D(A)
At = A = ¢ = Py = —%A‘lw

e Lyapunov functional

V() = (@, Pg) = (@,¢) ]

0

o'(x) = —5 () O(E1) = 0
I

V() = / | / 5 (0,8) o, €) (6, 1) d€ o
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e Alternative approach

V@) = 5 W) =

e In class:

\

( dV(9(2))

d o)

D (1), 0.0 0(8) < — eqllD)?

< 2eqv®)]*

dt

* Use V(y) = % (1, ) to show exponential stability of

Vow(x,t) — jrU(x) (2, 1)
Yo(z)
0



