EE 8235: Lecture 15

Lecture 15: Systems with inputs
e Input types
* Additive inputs

*= Boundary inputs

e Input-output mappings

* Transfer function
* Frequency response

* Impulse response

e Abstract evolution equation for boundary control systems

* Objective: bring system into a form that resembles standard formulation

e Two point boundary value problems
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Additive inputs

e Example: diffusion equation on L, [—1, 1] with Dirichlet BCs

Gi(x,t) = Gpe(x,t) + u(z,t)
gb(x,()) — gbO(:C)
S(£1,6) = 0

e Abstract evolution equation

he(t) = Ap(t) + u(l)

2
A = %, D(A) = {f € Ly|—1,1], " € Lo[—1, 1], f(+1) = 0}

e Solution

Y(t) = T()yv(0) + /OT(t — 7)u(r)dr

T (t): Cp-semigroup generated by A
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vi(t) = Au(t) + Bu()
o(t) = Ci(t)

(A: HDODDA) — H
e Underlying operators: . B: U — H
C: H—Y

\

e Input-output mapping
t
ot) = [Hul(t) = /CT(t — 1) Bu(r)dr
0
* Impulse response

* Transfer function

* Frequency response
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An example

¢i(z,t) = Gpo(w,t) + u(z,t) Laplace ¢"(x,s) = sp(x,s) — u(x,s)
Pp(£1,t) = 0 transform d(£1,8) = 0

e Spatial realization of H(s) (with 1 = ¢, s = ¢')

i ] = Lo o] Lo | [ 1]

s = 1101 S0

o= 5 S [ + [ s][usy

e Two point boundary value problem

Vo)
~—

V() = A(z)y(r) + B(z)u(r)
¢(z) = C(z)y(w)
0 = Ngtp(a) + Np9(b)
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Boundary control
e Example: diffusion equation on Ly [—1, 1]

O(2,1) = Paalz,t) + d(z,t) ) L aplace [ ¢'(z,5) =
o(=1,t) = u(?) o o(—1,5) = u(s)
d(+1,1) = 0 , L o(+1,5) = 0
e Spatial realization of H(s) (with i1 = ¢, 2 = ¢)
e ] = Lo o[y |+ [ 1] amo
o) = [1 0] | U0 |
R [ eawd B H | el

e Two point boundary value problem

()
¢(x)

vV

= A(z)(z) + B(z)d(z)

[
= Q
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==
8
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S
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Abstract evolution equation for systems with boundary inputs

de(x,t) = Gpp(x,t) + d(z,t)
¢(—1,t) = u(t)
o(+1,t) = 0

1

e Problem: control doesn’t enter additively into the equation
e Coordinate transformation
v(x,t) = d(z,t) — f(z)u(t)

~ Choose f(x) to obtain homogeneous boundary conditions ¢(+1,¢) = 0

* Many possible choices

Conditions for selection of f:

simple option 1 —x

f(=1) =1, f(1) = 0}
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e In new coordinates:
¢i(,t)
o(—1,1)
o(+1,1)

i, t) + f(x)u(t)
(£, 1)

e New input: v(t) = u(t)

d[w(t)] _ [ Ao

= ¢uz(x,t) + d(x,t)

u(t)
0

lqb(a:,t) — p(et) + Fl2) u(®)

Vow(x,t) + () u(t) + d(x,t)

dt | u(t) 0 0 ﬁfﬁ;]ﬂé]d(tu[}f]v@)
ot) = [ I f][if(;)
d2

Ay = —

 dx?’ D(AO) = {f € Lo [—1, 1]7 f// € Lo [_17 1]7 f(:tl) — O}
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Two point boundary value problems

V'(x) = A(z)¢(x) + B(z)d(z)
¢(z) = C(x)y(x)
v = Ngt(a) + Npip(b)

e Solution:
6a) = C()D(a,0) (No + Ny®(b,a) v+ Cla) [ 02,6 BO () ds -
b
C() B(w,a) (Na + Ny (b, a))"" N, / D(b,€) B(€) d(€) d¢
I

d(z,£): the state transition matrix of A(x)

d®(z, )
dx

= Az) ®(z,§), (&8 =1

For systems with A # A(xz):

O(xz, &) = oA (@—¢)
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Examples
e Heat equation with boundary actuation
¢t(x7t) — qux(x7t>
d(+1,t) = 0
lLapIace trasform
lwi(w,s) ] _ o1 ] lwl(az,s) ]
wé(xas) B | S 0 ¢2($73)
T %01(5’375)
gb(a?,s) L 1 O ] [ ¢2($,S) ]
u(s) | [ 1 0 P1(—1, ) n 0 0 ¥1(1, s
0 100 Ya(—1,s) 1 0O Ya(1, s

o(x,s) = CeAl)@—a) (N, + N eA(S)(b_a))_l v(s)
sinh (v/s (1 — x))

B sinh (24/s) uls)

1 —x -
B ( — NS + n7r/2) vﬂ(aj)) uls)
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e Eigenvalue problem for streamwise constant linearized NS equations

»Cwos — )\03%57 ¢08(:|:1) — Z)s(il) = 0
Suos — >\os Ups — Cp¢087 uos(il) = 0

l

AZwOS — )\osAwo& 7pos(j:l) — és(il) =0
Auos — )\osuos — szU/(y) wo& uos(il) = 0

Orr-Sommerfeld: {

Two point boundary value problem for u,,:

i) = Db o[k T+ [l [
vl k) = [1 0 ]| PRI
o= [3 8] [2E ] [ o[ ]




