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Supplementary Note 1: Calculating the RPA loss function

Here we describe the modeling of the loss function in graphene on SiO2 as shown in the intensity plot of Fig. 3 in
the main manuscript. We consider the interaction of the electronic degrees of freedom with graphene’s internal optical
phonon[1, 2] and that due to the surface polar phonon on SiO2[3, 4]. The plasmon response of graphene begins with
finding the dielectric function where a satisfactory approximation can be obtained by adding the separate contribu-
tions independently. An effective interaction between electrons is given by the sum of the direct Coulomb interaction
vc(q) = e2/2qǫ0 where q is the wave-vector. The two electrons interaction mediated by surface phonon and opti-
cal phonon are denoted by vsp,λ(q, ω) and vop(q, ω) respectively, where their explicit expressions are given elsewhere[5].

The RPA expansion of the dielectric function, ǫrpaT (q, ω), can be expressed with this effective interaction[6, 7]

veff (q, ω) =
vc(q)

ǫrpaT (q, ω)
=

vc(q) +
∑

λ vsp,λ
1− [vc(q) +

∑

λ vsp,λ]Π
0
ρ,ρ(q, ω)

(1)

where Π0
ρ,ρ(q, ω) is the non-interacting part (i.e. the pair bubble diagram) of the charge-charge correlation function

given by a modified Lindhard function[8, 9],

Π0
ρ,ρ(q, ω) = −

gs
(2π)2

∑

nn′

∫

BZ
dk

nF (ξk)− nF (ξk+q)

ξk − ξk+q + ~ω
Fnn′(k,q) (2)

where nF (ξk) is the Fermi-Dirac distribution function, Fnn′(k,q) is the band overlap function of Dirac spectrum, gs
is the spin degeneracy. While the polar surface phonons couple to the charge density operator, the intrinsic optical
phonon couple instead to the current operator. Its contribution to the dielectric function is given by vop(q, ω)Π

0
j,j(q, ω),

where Π0
j,j(q, ω) is the current-current correlation function. We note that from the usual charge continuity equation,

i∂tρ̂q = q · ĵq, it follows that,

q2Πj,j(q, ω) = ω2Πρ,ρ(q, ω)− vF

〈[

q · ĵq, ρ̂−q

]〉

(3)

where the second term in Eq. 3 is purely real and ∝ q2 as calculated in Ref. [10]. The imaginary part of Πj,j(q, ω) can

be obtained just from ℑ[ω
2

q2
× Πρ,ρ(q, ω)]. Collective modes with self consistent oscillations of the carrier charge can

be obtained from the zeros of the full dielectric function

ǫrpaT (q, ω) = ǫenv − vcΠ
0
ρ,ρ(q, ω)− ǫenv

∑

λ

vsp,λΠ
0
ρ,ρ(q, ω)− ǫenvvopΠ

0
j,j(q, ω) (4)

where ǫenv is the dielectric constant of graphene’s environment. Damping is included phenomenologically through the
following modifications; Π0

ρ,ρ(q, ω) → Π0
ρ,ρ(q, ω+ τ−1

e ), vsp,λ(q, ω) → vsp,λ(q, ω+ τ−1
sp ) and vop(q, ω) → vop(q, ω+ τ−1

op ),

where τ−1
e , τ−1

sp and τ−1
op describes the electron, surface optical phonon and internal optical phonon lifetimes

respectively. In this work, τsp and τop are phenomenological constants to be fitted to the experiments, while τe is
modeled rigorously, see below.

Here, we discuss model description of the electron lifetime τe. Including relevant scattering mechanisms in our
experiments, τe is given by,

τe(q, ω) ≈
[

τ−1
0 + τedge(q)

−1 + τep(ω)
−1

]

−1
(5)

where τ0 describes a background damping due to scattering with impurities and τedge(q) ≈ a/(W )b is related to
scattering off the ribbon edges. W is the ribbon’s width, measured using AFM. τ0 ≈ 85 fs as measured from the
Drude response of large area, unpatterned graphene. a ≈ 2×106, of the order of Fermi velocity and b = 1 as discussed
in the main text. τep(ω) is electron lifetime due to scattering with optical phonons. It is related to the electron
self-energy Σep via τep = ~/2ℑ[Σep]. According to density functional calculations, the imaginary part of Σep can be
approximated by[11],

ℑ[Σep(ω)] = γ0 |~ω + ~ω0 + Ef | ×
1

2

[

erf

(

~ω − ~ωop

∆ph

)

+ erf

(

−~ω − ~ωop

∆ph

)

+ 2

]

(6)
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where γ0 describes the effective e-ph coupling and ∆ph accounts for various energy broadening effects such as the
deviation from the Einstein phonon dispersion model. They are estimated to be γ0 ≈ 0.018 and ∆ph ≈ 50meV from
density function calculations[11].

Using the above theory, we plot the loss function in graphene on SiO2 as shown in Fig. 3 of the main manuscript. The
calculations include interactions with the intrinsic and SiO2 substrate phonons. Graphene doping of Ef = −0.43 eV
and an effective ǫenv = 1.5 is chosen to fit the plasmon modes determined from the extinction spectra. We assume
a typical τsp = 1ps while a much smaller τop = 70 fs accounts for broadening effects due to finite phonon dispersion.
Related to vsp,λ(q, ω) and vop(q, ω), we have the frequencies of the various phonon modes at ωop = 1580 cm−1,
ωsp0 = 460 cm−1, ωsp1 = 806 cm−1 and ωsp2 = 1168 cm−1. Their respective electron-phonon coupling parameters

used are g0 = 7.7 eVÅ−1, F2
sp0 = 0.1meV, F2

sp1 = 0.2meV and F2
sp2 = 2meV.
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Dielectric ǫ0 ǫ∞ ωTO1 ωTO2 ωTO3 δǫ1 δǫ2 δǫ3 γ1 γ2 γ3 κ

SiO2 3.9 2.3 451 752 1098 1.1 0.08 0.45 17.6 28 24 1.5

h-BN 7.03 4.95 767 1367 - 0.21 1.87 - 17.6 14.4 - 30

6h-SiC(0001) 9.54 6.4 760 - - 3.14 - - 16 - - 360

TABLE I: Parameters for the dielectric function of common polar substrates used for graphene, i.e. SiO2 [12], h-BN [13],
6h-SiC(0001) [14]. The dielectric function is parameterized as ǫ(ω) = ǫ∞ +

∑
α
δǫαω

2

TOα[ω
2

TOα − (ω+ iγα)
2]−1, where ǫ∞ is the

high frequency dielectric constant, and the low frequency dielectric constant ǫ0 = ǫ∞ +
∑

α
δǫα. ωTOα are the bulk transverse

optical phonons, δǫα are the oscillator strength and γα the damping constants of the phonon mode α. ωTOα, δǫα and γα are
expressed in units of cm−1. Data for the γα in high-κ dielectrics are not tabulated. Order-of-magnitude estimate for γ is
≈ 10 cm−1. Heat conductivity κ in units of W/mK.

Supplementary Note 2: Substrates

Parameters used for the substrates in the calculations in Fig. 4 are summarized in Table. 1.
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