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Tunable optical properties of multilayer black phosphorus thin films
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Black phosphorus thin films might offer attractive alternatives to narrow-gap compound semiconductors for
optoelectronics across mid- to near-infrared frequencies. In this work, we calculate the optical conductivity tensor
of multilayer black phosphorus thin films using the Kubo formula within an effective low-energy Hamiltonian. The
optical absorption spectra of multilayer black phosphorus are shown to vary sensitively with thickness, doping,
and light polarization. In conjunction with experimental spectra obtained from infrared absorption spectroscopy,
we also discuss the role of interband coupling and disorder on the observed anisotropic absorption spectra.
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I. INTRODUCTION

The group-V element phosphorus can exist in several
allotropes, and one of its thermodynamically more stable
phases under room temperature and pressure conditions is
black phosphorus (BP). Similar to graphene, it is also a
layered material, except that each layer forms a puckered
surface due to sp3 hybridization. The electrical, optical, and
structural properties of single crystalline and polycrystalline
BP had been extensively studied in the past [1–5]. Bulk
BP is a semiconductor with a direct band gap of about
0.3 eV. Measured Hall mobilities in n- and p-type samples
almost approach 105 cm2/Vs. In addition, its electrical and
optical properties are also highly sensitive to crystallographic
orientation. Very recently, BP was reintroduced [6–9] in their
multilayer thin film form, obtained from the simple mechanical
exfoliation [10]. Preliminary electrical data on multilayer BP
field-effect transistors showed encouraging results.

In this work, we examine the optical properties of multilayer
BP thin films with thickness ranging from few to tens of
nanometers. We calculate its optical conductivities using
the Kubo formula, within the framework of an effective
low-energy Hamiltonian [11]. Our calculations show that the
optical absorption spectra of multilayer BP vary sensitively
with thickness, doping, and light polarization, especially
across the technologically relevant mid- to near-infrared
spectrum. In conjunction with experimental spectra obtained
from Fourier transform infrared spectroscopy (FTIR) [8], we
elucidate the role of interband coupling and disorder on the
observed anisotropic absorption spectra.

II. MODEL

BP has an orthorhombic crystal structure consisting of
puckered layers as illustrated in Fig. 1. Lattice constant in the
out-of-plane direction is about 10.7 Å, where effective layer-
to-layer distance is half of this. In multilayer BP, translational
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symmetry in the z direction is broken, and its band structure
has a direct energy gap at the � point instead of the Z point
in bulk. In order to describe the system behavior around the �

point, we use first-principles calculations in conjunction with
the k·p approximation [11].

Before constructing the low-energy Hamiltonian, we an-
alyze the system symmetry. Individual monolayers, due to
puckering, have a reduced symmetry compared to graphene,
represented by the C2h point group. The principal axis, which
we denote ŷ, runs along the buckles. The reflection plane σh

lies in the x-z plane. It is possible to show that at the � point
wave functions are either even or odd with respect to reflection
across σh. From ab initio calculations, we determined that the
highest valence and the lowest conduction bands are even and
composed primarily of s, px , and pz orbitals with a small
contribution from even d orbitals. Odd wave functions, made
up of mostly py , are more energetically separated from the
Fermi level. Keeping this in mind, we now proceed to construct
an effective Hamiltonian that describes the coupled valence
and conduction bands.

In the k·p approximation, the perturbing Hamiltonian
is given by H1 = �(kxp̂x + kyp̂y)/m0. To determine the
coupling between the bands, one needs to compute the matrix
elements of H1 for the two bands of interest. Since p̂x is
even with respect to σh reflection, it gives a finite contribution
to the matrix element. On the other hand, the fact that p̂y

is odd prohibits the term linear in ky . If one disregards the
remaining bands, the system becomes quasi-one-dimensional
close to the � point. To introduce ky dependence, we utilize
the Löwdin partitioning. The leading-order correction to the
effective Hamiltonian is given by

(
H(2)

1

)
mm′ =

∑
l

(H1)ml(H1)lm′

2

[
1

Em − El

+ 1

Em′ − El

]
,

(1)

where the summation goes over the remaining bands. Because
of the product of the matrix elements in the numerator, it is
clear that the leading-order ky contribution to the coupling
terms will be quadratic, arising from the mixing with the
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FIG. 1. (Color online) Lattice structure of black phosphorus
(BP). Layer numbers n are indicated. az is the lattice constant in the
out-of-plane direction. Thickness of the multilayer BP is then given
by tz = n ∗ az/2. Crystallographic axes {xyz} used in this work are
defined.

odd bands. This allows one to write the low-energy in-plane
Hamiltonian around the � point as [11]

H =
(

Ec + ηck
2
x + νck

2
y γ kx + βk2

y

γ kx + βk2
y Ev − ηvk

2
x − νvk

2
y

)
, (2)

where ηc,v and νc,v are related to the effective masses, while γ

and β describe the effective couplings between the conduction
and valence bands. Ec and Ev are the conduction and valence
band edge energies in bulk BP, where Ec − Ev is the bulk gap
of ≈ 0.3 eV [4].

Electrons in BP are energetically highly dispersive and
delocalized along the out-of-plane direction [12,13], unlike
other layered materials such as graphene and the transition-
metal dichalcogenides (TMDs). Angle-resolved photoemis-
sion spectroscopy (ARPES) studies confirm the paraboli-
clike out-of-plane � − Z dispersion in BP, with an energy
bandwidth of ∼0.7 eV for the valence band [12]. Cyclotron
resonance experiments on bulk BP [14] also found the out-
of-plane effective masses to be considerably smaller than
that of TMDs [15] and graphite [16]. In this work, we
adopt an average of experimental [14] and theoretically [14]
(see accompanying Supplemental Material [17]) predicted
electron and hole out-of-plane mass, i.e., mcz ≈ 0.2 m0 and
mvz ≈ 0.4 m0. For multilayer BP thin films, confinement in the
out-of-plane z direction leads to multiple subbands E

j
c,v . The

in-plane dispersion within each subband j can be described
by Eq. (2), where Ec,v are being replaced with E

j
c,v . More

explicitly, the additional confinement energies δE
j
c are given

by j 2
�

2π2/2mczt
2
z + δc(tz), where j labels the subband, tz is

the thickness of the BP film, and mcz is the electron effective
mass along z. Analogous expressions apply also for the hole
case. The quantities δc,v(tz) are chosen such that they reproduce
the predicted energy gap of the BP film [18], of 2 and 0.3 eV
in the monolayer and bulk limit, respectively. In this work,
we restrict ourselves to BP thin films 4 nm and larger, where
the confinement energies are within the energy bandwidth of
∼0.7 eV where the effective mass approximation is valid.

Close to the � point, the band parameters are related to the
in-plane effective masses via [11]

mj
cx = �

2

2γ 2/
(
E

j
c − E

j
v

) + ηc

, mj
cy = �

2

2νc

. (3)

The band parameters ηc,v , νc,v , and γ are chosen such that
they yield the known effective masses in the bulk BP limit,
i.e., mcx = mvx = 0.08 m0, mcy = 0.7 m0, and mvy = 1.0 m0

[4,14], and mcx = mvx ≈ 0.15 m0 for monolayer BP [11] (with
an estimated band gap of ∼2 eV). The value of β was suggested
to lie between 1–10a2/π2 eV m2 [11], where a ≈ 2.23 Å and
π/a is the width of the BZ in the x direction. We tentatively
assign β ≈ 2a2/π2 eV m2 and evaluate its effect on our
calculated results in subsequent discussions below.

Physical quantities observed in optical experiments can
often be expressed in terms of the optical conductivity. The
Kubo formula for the conductivity tensor as function of
frequency and momentum reads as

σαβ(q,ω) = −i
gs�e2

(2π )2

∑
ss ′jj ′

∫
dk

f (Esjk) − f (Es ′j ′k′)

Esjk − Es ′j ′k′

× 〈�sjk|v̂α|�s ′j ′k′ 〉〈�s ′j ′k′ |v̂β |�sjk〉
Esjk − Es ′j ′k′ + �ω + iη

, (4)

where v̂α is the velocity operator defined as �
−1∂kαH, gs = 2

accounts for the spin degeneracy, and η ≈ 10 meV accounts
for the finite damping. f (· · · ) is the Fermi-Dirac distribution
function, where temperature is taken to be 300 K in all cal-
culations. The indices {s,s ′} = ±1 denote conduction/valence
band, while {j,j ′} are the subbands indices. Esjk and �sjk
are the eigenenergies and eigenfunctions of H. We have an
analytical expression for Esjk;

E±jk = 1
2

[(
Ej

c + Ej
v

) + k2
x(ηc − ηv) + k2

y(νc − νv)
]

± 1
2

{
�2 + �

[
2k2

x(ηc + ηv) + 2k2
y(νc + νv)

]
+ [

k2
x(ηc + ηv) + k2

y(νc + νv)
]2

+ 4
(
γ kx + βk2

y

)2}1/2
, (5)

where � ≡ E
j
c − E

j
v . Optical transitions between these quan-

tized subbands are allowed when ss ′ = ±1 (i.e., intraband
and interband processes) and j = j ′. Otherwise, the matrix
elements 〈· · · 〉 in Eq. (4) vanish. In this work, we are only
interested in the local conductivity, i.e., σαβ(q → 0,ω). In this
limit, only the diagonal components of the conductivity tensor
σxx(ω) and σyy(ω) are nonzero.

III. RESULTS

A. Thickness dependence

Figure 2(a) presents the calculated real part of optical
conductivities of an undoped 10-nm BP thin film. Temperature
is taken to be 300 K in all calculations. Results are normalized
with respect to σ0 = e2/4�, the well-known universal conduc-
tivity of graphene [19,20]. The large asymmetry between σxx

and σyy is immediately apparent. We note that this asymmetry
has less to do with the in-plane effective mass anisotropy,
as the qualitative trends persist even if we set mx = my

075434-2



TUNABLE OPTICAL PROPERTIES OF MULTILAYER . . . PHYSICAL REVIEW B 90, 075434 (2014)

5

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0 E

ky kx

33'22'11' 33'

11'

22'

σyy

C
on

du
ct

iv
ity

 R
e(

σ/
σ 0)

Frequency ω (eV)

σxx

10nm film

(a)

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

20nm

4nm

6

8

10

C
on

du
ct

iv
ity

 R
e(

σ x
x/

σ 0)

Frequency ω (eV)(b)

FIG. 2. (Color online) (a) Real part of optical conductivities
Re(σxx) and Re(σyy) for 10-nm-thick intrinsic BP, i.e., Fermi level
is located at midgap. See main text for parameters used in the
calculations. Intersubbands contributions to the σxx are plotted, where
the respective optical transition processes are illustrated in inset. σyy

calculated with 2× and 10× the value of β are also shown (dashed
pink and blue lines, respectively) for comparison. Conductivities are
normalized with respect to σ0 ≡ e2/4�. (b) Re(σxx) for intrinsic BP
of different thicknesses as indicated.

(not shown). Instead, σyy increases almost linearly with the
interband coupling term β, as shown (pink and blue dashed
lines). However, within the reasonable range of β values from
1–10a2/π2 eV m2, the magnitude of σxx remains relatively
unchanged.

As shown in Fig. 2(a), σxx exhibits an oscillatory behavior
with ω which can be traced to the underlying electronic
subbands structure. Since it is undoped, only interband
transitions from the valence to conduction band are permitted.
The zero wave-function overlap between different subbands
implies that only j = j ′ transitions are allowed, as illustrated
in the inset. The structure in the observed subband spectra is
related to the joint density of states, which resembles that of a
one-dimensional system like carbon nanotubes, and is a direct
consequence of the large-band anisotropy in BP.

Figure 2(b) shows the calculated σxx for BP films of
different thicknesses tz from 4–20 nm. The absorption edge
moves from 0.3 to 0.6 eV with decreasing tz due to the
increasing energy gap. Maximal σxx also decreases as a result.
At frequencies larger than the absorption edge, the optical
conductivity roughly saturates to some value for the 20-nm
film. In the freestanding case, this translates to an absorption
of ∼8%, which increases linearly with thickness at a rate of
0.4% per nm for thicker films.

Due to reduced screening for films thinner than those
studied in this paper, strong excitonic effects is expected
[21], which would lead to enhanced light absorption near the
absorption edge not accounted for in present calculations.

B. Doping dependence

Doping can be induced either electrically or chemically
by introducing donor or acceptor impurity atoms during the
synthesis [4]. Here, we consider the uniformly n-doped case.
We defined the chemical potential μ to be the difference
between the Fermi level and the first conduction subband, i.e.,
EF − E1

c . The electron density n follows from Fermi statistics
and is given by

n =
∑

j

m
j

DOSkBT

π�2
ln

[
1 + exp

(
EF − E

j
c

kBT

)]
, (6)

where m
j

DOS = (mj
cxm

j
cy)1/2 is the density-of-states mass.

Figure 3(a) shows n as a function of μ for 4- and 20-nm
films, where μ � 0.2 eV covers the range of dopings � 5 ×
1013 cm−2. These dopings are routinely obtained in experi-
ments with layered materials. Following the increase in doping
will be the appearance of Drude absorption peak at ω → 0.
Figure 3(b) plots the optical conductivities σxx and σyy for
a doped 20-nm BP film. The asymmetry here is due to the
larger Drude weight D for transport along x, to be discussed
below.

Figure 3(c) studies the optical property of multilayer BP
with doping ranging from μ = 0–0.2 eV. A simple picture
for direct optical transitions would suggest a blue-shift in
the absorption edge by 2μ due to Pauli blocking. Consider
first the result for 20-nm film. Although the blue-shift is
evident, it appears to be less than 2μ and more smeared out in
energy due to finite-temperature effects. The absorption edge
also becomes less abrupt with increased doping. These trends
become more pronounced in the 4-nm case.

C. Angular dependence

Light scattering across a conducting layer between two
dielectric media can be solved via the Maxwell equation.
Due to the anisotropic conductivity of BP, unless the incident
light is polarized along one of the crystal axes, the reflected
polarization will be different from the incident one. However,
when the surface conductivity is much smaller than the
free-space admittance as in our case, i.e., σαα 
 √

ε0/μ0, this
polarization rotation can be neglected. Therefore, for normal
incidence, the reflectivity for the unrotated component is given

075434-3



TONY LOW et al. PHYSICAL REVIEW B 90, 075434 (2014)

0.0 0.1 0.2
0

2

4

6

σyyR
e(

σ/
σ 0

)

ω (eV)

σxx

20nm
μ=0.2eV

0.0 0.1 0.2
0

2

4

6

4nmn 
(x

10
13

cm
-2
)

μ (eV)

20nm

3

4

5

μ=0.2eV

20nm

μ=0.1eV

C
on

du
ct

iv
ity

 R
e(

σ x
x/

σ 0)

(a) (b)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0

1

2 intrinsic

4nm

C
on

du
ct

iv
ity

 R
e(

Frequency ω (eV)(c)

FIG. 3. (Color online) (a) Electron densities (n) as function of
chemical potential (μ) for 20- and 4-nm BP films. See text for
definition of μ. (b) Optical conductivity σxx and σyy for 20-nm BP
film doped at μ = 0.2 eV. (c) Re(σxx) for BP with different chemical
potential μ as indicated, calculated for 4- and 20-nm-thick films.

by

r = −ε0c(
√

ε2 − √
ε1) + σxxcos2α + σyysin2α

ε0c(
√

ε2 + √
ε1) + σxxcos2α + σyysin2α

, (7)

where ε0 is the free-space permittivity, c the speed of light,
and α is the light polarization angle. The reflection and

transmission probabilities are given byR ≈ |r|2 and T ≈ |1 +
r|2√ε2/ε1, and the absorption coefficient is A = 1 − R − T .

Figure 4(a) plots the angle-dependent absorption co-
efficient A(α) for an intrinsic 40-nm BP film, with light
excitations equal and larger than the band gap, i.e., in-
terband processes. We observed that A(α) exhibits strong
dependence on polarization angle. The absorption anisotropy
is rather sensitive to the interband coupling strength β,
which evolves from a “dumbbell” -shape to a more ellip-
tical form with increasing β. Disorder, as described by the
phenomenological constant η in Eq. (4), has a milder effect
(not shown).

FTIR spectroscopy is a common technique for obtaining
infrared spectra of absorption. In Fig. 4(b), we show the
experimental extinction spectra Z(ω) for a 40-nm BP film on
a SiO2 substrate. The extinction characterizes the differential
transmission through the sample in regions with [T (ω)] and
without [T0(ω)] BP, i.e., Z = 1 − T /T0. Experimental setup
and details are elaborated elsewhere [8]. Note that Z(ω)
includes both the additional light absorption and reflection
due to the BP, Z(ω) > A(ω). To account for the observed
anisotropy in the experimental spectra, the model would
entail an interband coupling strength of β ≈ 20a2/π2 eV m2

as depicted in Fig. 4(a). This allows us to capture the
main experimental features observed. It is very likely that
extrinsic factors such as structural deformations, corrugations,
or defects also play a role in the interband optical conductivity
anisotropy, which we defer to future studies.

D. Disorder

Contrary to the interband case, intraband optical absorption
in doped samples are primarily dictated by disorder. Due to
the mass anisotropy, the Drude weight is different along the
two crystallographic axes, and is given by Dj = πne2/mj

where j = {x,y}. In the zero- and large-frequency limits,
the real parts of Drude conductivity are given by �Dj /πη
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with excitation energies at the band gap ω0, and larger. α is the light polarization angle. A(α) is plotted for two values of interband coupling
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and Dj η/π�ω2, respectively. Following, we discuss some
common sources of disorders on the intraband conductivity
anisotropy.

Impurities and defects are common sources of disorder
in two-dimensional (2D) materials [22,23]. For interactions
of electrons with impurities, the self-energy within the Born
approximation can be written as

�(k,E) = ni

gs

(2π )2

∫
dk

|V (q)|2F(k,k′)
E − Ek′ + iη0

, (8)

where V (q) is the scattering potential, F(k,k′) ≡ |〈k.|k′〉|2
is the overlap function between states, and η0 is taken to
be 10 meV. For long-range Coulomb interaction, we have
V (q) = e2exp(−qd0)/2ε0κ(q + qs), where κ is the effective
dielectric constant taken to be 1 and d0 is an effective distance
between BP and the impurities. Following Ref. [24], screening
is relatively isotropic for the relevant q considered here,
and can be treated within the Thomas-Fermi approximation
with qs = e2D/2πκ being the screening wave vector, and
D is the 2D density of states. For short-range interaction,
we simply have V (q) = V0. Unlike the latter, long-range
Coulomb interaction would lead to single-particle damping
that is angular dependent.

The single-particle lifetime is given by τ (k) =
�

2 Im[�(k,E)−1], a quantity that can be directly measured
with ARPES. In Fig. 4(c), we plot the contours for single-
particle lifetime due to long-range Coulomb interaction. For
our estimates, we assume typical impurities concentration of
ni ≈ 5 × 1011 cm−2 and d0 ≈ 1 nm. The calculated lifetime
contours τ (k) are overlaid with the energy dispersion contours,
and they are qualitatively different. This implies that electron
interaction with long-range Coulomb impurities will lead to an
anisotropic lifetime in general, and subsequently influencing

also the conductivity anisotropy. In similar fashion, interaction
with acoustic phonons would also yield an anisotropic single-
particle lifetime due to the different sound velocities and
deformation potentials along the two crystal axes.

IV. CONCLUSIONS

In summary, we have presented a model for describing
the optical properties in multilayer BP. In particular, we
focus primarily on films where its effective band gap resides
in mid- to near-infrared frequencies, with thicknesses of
∼10–60 layers. The simple model proposed here facilitates
the modeling of experimental optical spectra of BP thin films,
which can include also the effect of disorders that will be
hardly tractable by ab initio methods. Our results show that
the optical conductivity, similarly the absorption spectra, of
multilayer BP vary sensitively with thickness, doping, and
light polarization, particularly for frequencies ranging from
2500–5000 cm−1, which resides in the technologically relevant
mid- to near-infrared spectrum. Hence, multilayer BP might
offer attractive alternatives, in terms of tunability, flexibility,
and cost, to narrow-gap compound semiconductors for infrared
optoelectronics.
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